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Abstract 

We derive some geometric properties of chordal SLE(k; p) processes. Using these 
results and the method of coupling two SLE processes, we prove that the outer 
boundary of the final hull of a chordal SLE(k; p) process has the same distribution 
as the image of a chordal SLE(k'; p') trace, where k > 4, /t' = 16/k, and the forces 
p and p' are suitably chosen. We find that for k > 8, the boundary of a standard 
chordal SLE(k) hull stopped on swallowing a fixed x G M\ {0} is the image of some 
SLE(16/«;;p) trace started from x. Then we obtain a new proof of the fact that 
chordal SLE(k) trace is not reversible for k > 8. We also prove that the reversal 
of SLE(4; p) trace has the same distribution as the time-change of some SLE(4; p') 
trace for certain values of p and p' . 

1 Introduction 

The Schramm-Loewner evolution (SLE) has become a fast growing area in Probability 
Theory since 1999 ([12J). SLE describes some random fractal curve, which is called an 
SLE trace, that grows in a plane domain. The behavior of the trace depends on a real 
parameter k > 0. We write SLE(k) to emphasize the parameter k. If k G (0, 4], the trace 
is a simple curve; if /t > 4, the trace is not simple; and if k > 8, the trace is space-filling. 
For basic properties of SLE, see [6] and [H]. 

Many two-dimensional lattice models from statistical physics have been proved to have 
SLE as their scaling limits when the mesh of the grid tends to 0, e.g., the convergence 
of critical percolation on triangular lattice to SLE(6) ([16]), loop-erased random walk 
(LERW) to SLE(2) ([9][l9]), uniform spanning tree (UST) Peano curve to SLE(8) ([9j), 
Gaussian free field contour line to SLE(4) ([E]), and some Ising models to SLE(3) and 
SLE(16/3) ([15j). And there are some promising conjectures, e.g., the convergence of 
self-avoiding walk to SLE(8/3) (|8j), and double domino tilling to SLE(4) ([11]). 
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For K > 4, people are also interested in the hulls that are generated by the SLE(k) 
traces. Duplantier proposed a rough conjecture about the duality between SLE(k) and 
SLE(16/fi;), which says that when k > 4, the boundary of an SLE(k) hull looks locally 
like an SLE(16/k) trace. 

For K < 8, the Hausdorff dimension of an SLE(/t) trace was proved to be I + k/S ([3]). 
If the duality conjecture is true, then we may conclude that for k > 4, the Hausdorff 
dimension of the boundary of an SLE(k) hull is 1 + 2//t. 

For some parameter k, the duality is already known. The duality between SLE(8) 
and SLE(2) follows from the convergence of UST and LERW to SLE(8) and SLE(2), 
respectively, and the Wilson's algorithm ([17]) that links UST with LERW. The duality 
between SLE(6) and SLE(8/3) follows from the conformal restriction property ([8j). The 
duality between SLE(16/3) and SLE(3) follows from the convergence of Ising models. 

In [1], J. Dubedat proposed some specific conjectures about the duality of SLE, one 
of which says that for k > 4, the right boundary of the final hull of a chordal SLE(k; k — 
4) process started from (0,0"'") has the same law as a chordal SLE(/t'; |(fi;' — 4)) trace 
started from (0,0^), where k' = 16/k. And he justified his conjecture by studying the 
distributions of the sets obtained by adding Brownian loop soups to SLE(/t; k — 4) and 
SLE(k'; |(/t' — 4)), respectively. 

Recently, a new technique about constructing a coupling of two SLE processes that 
grow in the same domain was introduced ([H]) to prove the reversibility of chordal 
SLE(k) trace when k, G (0,4]. In this paper, we will use this technique to prove some 
specific versions of the duality conjecture, which are not exactly the same as those in 
For example, one of our results is that for k > 4 and k' = 16/k, the right boundary of 
the final hull of a chordal SLE(k; k — 4) process started from (0, 0"*") has the same law 
as the image under the map z l/l of a. chordal SLE(fi:'; ^{k' — 4)) trace started from 
(0,0~). If the degenerate chordal SLE(k'; |(k' — 4)) trace satisfies reversibility, which is 
Conjecture d] of this paper, then Dubedat's conjecture is proved. 

This paper is organized in the following way. In Section [2], we review the definitions 
of the chordal and strip (i.e., dipolar) Loewner equations and SLE(k; p) processes. The 
conformal invariance of chordal and strip SLE(k; p) processes are introduced. In Section 
[31 we study the tail behavior of a chordal or strip SLE(fi;; p) trace when the force points 
and forces satisfy certain conditions. In Section HI for k > 4 > n' > with kk' = 16, some 
commutation result of a chordal SLE(fi;; p) process with a chordal SLE{k'; p') process 
is described in terms of a two-dimensional martingale. This is closely related with J. 
Dubedat's work in Then the technique in [18j is applied to get a coupling of the 
above two SLE processes. In Section [5|, we consider the coupling in the previous section 
with some special choices of force points and forces, and apply the geometry results from 
Section [3] to prove that in this coupling, the chordal SLE(k'; p') trace becomes the outer 
boundary of the chordal SLE(k; p) hull, and so prove the duality conjecture. Then we 
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derive the equation of the boundary of a standard chordal SLE(k) hull, k > 8, at the 
time when a fixed x e M \ {0} is swallowed. Then we give a new proof of the fact that 
for K > 8, the chordal SLE(k) trace is not reversible. This result was claimed in [11]. At 
the end, we derive the reversibility property of some chordal SLE(4; p) traces. 



2 Preliminary 
2.1 Chordal SLE 

If if is a bounded and relatively closed subset of EI = {2; G C : Im^; > 0}, and EI \ if 
is simply connected, then we call H a hull in EI w.r.t. 00. For such H, there is (pn 
that maps EI \ ii conformally onto EI, and satisfies (Ph{z) = + f + ^(p') as 2; ^ 00, 
where c = hcap(ii) > is called the capacity of ii in EI w.r.t. 00. If iii C ii2 are 
hulls in EI w.r.t. 00, then H2/H1 := lph^{H2 \ Hi) is also a hull in EI w.r.t. 00, and 
hcap(ii2/iii) = hcap(ii2) — hcap(iii). If Hi G H2 G H3 are three hulls in EI w.r.t. 00, 
then H2/H1 G H,/Hi and {H^/ Hi) / {H2/ Hi) = H^/H2. 

Proposition 2.1 Suppose Vt is an open neighborhood o/xq € M in EI. Suppose W maps 
Q conformally into EI such that for some r > 0, if z G Q approaches {xq — r,XQ + r) 
then W{z) approaches M. So W extends conformally across {xq — r,XQ + r) by Schwarz 
reflection principle. Then for any e > 0, there is some 6 > such that if a hull H in M 
w.r.t. 00 is contained in {z gM. : \z — Xq\ < 6}, then W{H) is also a hull in EI w.r.t. 00, 
and 

I hc&p{W{H)) - W'ixo^ hcap(ii) \ < e\ hcap(ii) | . 
Proof. This is Lemma 2.8 in [7j. □ 

For a real interval i, we use C(i) to denote the space of real continuous functions on 
i. For T > and ^ G C{[0,T)), the chordal Loewner equation driven by ^ is 

2 

^it^z) -iit) 

For < t < T, let K{t) be the set of 2; G EI such that the solution ip{s, z) blows up 
before or at time t. We call K{t) and ip{t, ■), <t < T, chordal Loewner hulls and maps, 
respectively, driven by ^. 

Definition 2.1 We call {K{t), <t < T) a Loewner chain in EI w.r.t. 00, if each K{t) 
is a hull in EI w.r.t. 00; K{0) = 0; K{s) ^ K{t) if s < t; and for each fixed a G (0,T) 
and compact i^ C EI \ K{a), the extremal length (11]) of the curves m EI \ K{t + e) that 
disconnect K{t + e)\ K{t) from F tends to as e 0^ , uniformly in t G [0, a]. 
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Proposition 2.2 (a) Suppose K{t) and (f{t,-), < t < T , are chordal Loewner hulls 
and maps, respectively, driven by C, & C{[0,T)). Then {K{t),0 < t < T) is a Loewner 
chain in EI w.r.t. oo, (pK{t) = ^{t-, ■), o,nd hcap(-ft'(t)) = 2t for any < t < T . Moreover, 
for every t G [0, T), 

m}= n K{t + e)/K{t). 

ee(0,T-t) 

(b) Let {L{s),0 < s < S) be a Loewner chain in EI w.r.t. oo. Let v{s) = hcap(L(s))/2, 
< s < 5*. Then v is a continuous (strictly) increasing function with u{0) = 0. Let 
T = v{S) and K{t) = L{v~^{t)), < t < T . Then K{t), < t < T , are chordal Loewner 
hulls driven by some C, G C([0,T)). 

Proof. This is almost tlie same as Tlieorem 2.6 in [7J. □ 

Let D be a domain and K G D. Let pi and p2 be two boundary points or prime 
ends of D. We say that K does not separate pi from p2 in D if there are neighborhoods 
Ui and U2 of pi and p2, respectively, in D such that Ui and U2 lie in the same pathwise 
connected component of D \ K. In our definition, K may separates some p from itself. 
Let Q be a set of boundary points or prime ends of D. We say that K does not divide 
Q in D if for any pi,p2 G D, K does not separate pi from p2 in -D. 

Let <f{t,-) and K{t) be as before. Let x G M. If at time t, <f{t,x) does not blow 
up, then K{t) does not separate x from 00 in EI, and vice versa. In fact, we have a 
slightly stronger result: if blows up before or at s = t G [0,T), then Us<:tK{s) 

also separates x from 00 in EI. This follows from the property of a Loewner chain. 

Let < t < 00, be a (standard linear) Brownian motion. Let k > 0. Then 

K(t) and ip(t, ■), < t < 00, driven by ^{t) = y/KB{t), < t < oo, are called standard 
chordal SLE(k) hulls and maps, respectively. It is known ([IT][9]) that almost surely for 
any t G [0, 00), 

P{t):= lim Mt,r\^) (2.1) 

exists, and /3(t), < t < 00, is a continuous curve in EI. Moreover, if k G (0,4] then 
/? is a simple curve, which intersects M only at the initial point, and for any t > 0, 
K{t) = /3((0, t]); if K > 4 then jS is not simple, and intersects IR at infinitely many points; 
and in general, EI \ K{t) is the unbounded component of EI \ /3((0, t]) for any t > 0. Such 
P is called a standard chordal SLE(fi:) trace. 

If (^(t)) is a semi-martingale, and d{C,{t)) = ndt for some k > 0, then from Girsanov 
theorem and the existence of standard chordal SLE(k) trace, almost surely for any t G 
[0,T), P{t) defined by fl2.ll) exists, and has the same property as a standard chordal 
SLE(k) trace (depending on the value of k) as described in the last paragraph. 
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Let K > 0, pi, . . . , Pat G M, X G M, and pi, . . . ,pAr G M \ {x}, where M = M U {00} is a 
circle. Let ^(t) and Pk{t), ^ ^ k < N, be the solutions to the SDE: 




, l<k<N, 



(2.2) 



with initial values ^(0) = x and Pk{0) = Pk, 1 < k < N. If (p{t, ■) are chordal Loewner 
maps driven by ^(t), then Pkit) = ip(t,pk)- Here if some pk = 00 then Pkif) = 00 
and = for all t > 0, so pk has no effect on the equation. Suppose [0,T) is 

the maximal interval of the solution. Let K{t), < t < T, he chordal Loewner hulls 
driven by ^. Then we call K(t), < t < T, a (full) chordal SLE(k; pi, . . . , Pn) process 
started from {x;pi, . . . ,pn)- Since (^(t)) is a semi-martingale, and d{^(t)) = Kdt, so 
the chordal Loewner trace (3{t), < t < T, driven by ^ exists, and is called a chordal 
SLE(k; Pi, . . . , Pn) trace started from {x;pi, . . . ,Pn)- If we let p and p to denote the 
vectors (pi,...,pAr) and {pi, . . . ,pn), then we may call K{t) and P(t), < t < T, 
chordal SLE(k; p) process and trace, respectively, started from {x;p). If S* G (0,T] is 
a stopping time, then K(t) and /5(t), < t < S", are called partial chordal SLE(k; p) 
process and trace, respectively, started from {x;p). 

These pkS and p^'s are called force points and forces, respectively. For < t < T and 
1 < k < N, ip{t,pk) does not blow up, so K{t) does not divide {00, pi, . . . ,Pn} in EI. If 
T < 00 then there must exist some G M such that ip{t,pk) — ^{t) ^ as t — > T, so 
Ut<:TK(t) separates pk from cxd in H. If T = 00 then Ut<:TK{t) is unbounded, so Ut<:TK{t) 
separates 00 from itself in H. Thus in any case, Ut<:TK{t) divides {00, pi, . . . ,Pn} in EI. 

The chordal SLE(k; p) defined above are of generic cases. We now introduce degen- 
erate SLE(k; p), where one of the force points takes value x~^ or x~ , or two of the force 
points take values x~^ and x~ , respectively, where a; G M is the initial point of the trace. 
Let K > 0; pi, . . . , Pat G M, and pi > k/2 — 2; pi = x"*", p2, ■ ■ ■ ,Pn ^ ^ \ {x}- Let C,(t) 
and Pk{t), l<k<N,0<t<T,he the maximal solution to (12.21) with initial values 
^(0) = pi(0) = X, and Pfc(O) = Pk, ^ ^ k < N. Moreover, we require that pi(t) > ^{t) for 
any 0<t<T. IfA^ = l, the existence of the solution follows from the Bessel Process 
(see [8]). The condition pi > /t/2 — 2 is to guarantee that pi is not immediately swallowed 
after time 0. If > 2, the existence of the solution follows from the above result and 
Girsanov Theorem. Then we obtain chordal SLE(fi;; pi, . . . , p^r) process and trace started 
from {x; x~^ ,p2, ■ ■ ■ ,Pn)- If the condition pi(t) > ^(t) is replaced by pi(t) < ^{t), then we 
get chordal SLE(k; pi, . . . , p^) process and trace started from (x; x~ ,p2, ■ ■ ■ ,Pn)- Now 
suppose N >2, pi,p2 > n/2 — 2,pi= x~^, and p2 = x' . Let ^(t) and Pkit), I < k < N, 
< t < T, be the maximal solution to (12. 2p with initial values ^(0) = pi{0) = ^2(0) = x, 
and Pk{0) = Pk, 1 < k < N, such that Pi{t) > C,(t) > P2(t) for all < t < T. Then we 
obtain chordal SLE(k; pi, . . . , p^) process and trace started from (x; x^, x^,p3, . . . ,Pn)- 



5 



The existence of the solution to the equation equation follows from [13] and Girsanov 
Theorem. 

The force point or x~ is called a degenerate force point. Other force points are 
called generic force points. Let (p{t, ■) be the chordal Loewner maps driven by ^. Since 
for any generic force point pj, we have Pjit) = ip{t,pj), so it is reasonable to write {p(t,pj) 
for Pj{t) in the case that pj is a degenerate force point. Suppose pj is the force associated 
with some degenerate force point pj. If we allow that the process continues growing after 
Pj is swallowed, the condition that pj > k/2 — 2 may be weakened to pj > —2 (f8]). 

/^From the work in [T3], we get the conformal invariance of chordal SLE(k; p) processes, 
which is the following lemma. 

Lemma 2.1 Suppose k > and p = (pi, . . . , p^r) with J2m=i Pm = — Q- For j = 1, 2, 

let Kj{t), < t < Tj, be a generic or degenerate chordal SLE{k,; p) process started from 
{xj;pj), where Pj = {pj^i, . . . ,pj^iy) , j = 1,2. Suppose W is a conformal or conjugate 
conformal map from EI onto M such that W{xi) = X2 and W^(pi,m) = P2,m, 1 < m < N . 
Let pi^oo = W~^{oo) and p2,oo = W{oo). For j = 1,2, let Sj G {0,Tj] be the largest 
number such that for < t < Sj, Kj{t) does not separate pj^^o from oo in H. Then 
{W{Ki{t)),Q <t < Si) has the same law as {K2{t),Q < t < S2) up to a time-change. A 
similar result holds for the traces. 

Proof. Here we only consider the generic cases. The proof of the degenerate cases is 
similar. Let Qj = {oo,pj^i, . . . ,pj^N,Pj,oo}, j = 1,2. Then W{Qi) = Q2, and Sj is the 
maximum number in {0,Tj] such that for < t < Sj, Kj(t) does not divide Qj in H. 
For < if: < 5*1, since Ki(t) does not divide Qi in H, so W{Ki(t)) does not divide Q2 
in H. From Theorem 3 in [14], after a time-change, {W{Ki{t)),0 <t< Si) is a partial 
chordal SLE(k; p) process started from (0:2; ^2)- We now suffice to show that this chordal 
Loewner chain can not be further extended without dividing Q2 in H. If this is not true, 
then Uo<t<:SiW {Ki{t)) does not divide Q2 in H. So Uo<t<Si-^i(^) does not divide Qi in 
H, which contradicts the choice of 6*1. □ 

Note that if k e (0, 4] then Sj = Tj, j = 1, 2, so we conclude that {W{Ki{t)), 0<t < 
Ti) has the same distribution as {K2{t), < t < T2) up to a time-change. In general, by 
adding cxd to be a force point with suitable value of force, we may always make the sum 
of forces equals to k — 6, so the lemma can be applied. 

2.2 Strip SLE 

Strip SLE is studied independently in [20] and [2] (where it is called dipolar SLE). For 
h > 0, let E>h = {z e C : < Im z < h} and Rh = ih + M. If if is a bounded closed 
subset of Stt) ^n\H is simply connected, and has as a boundary arc, then we call H 
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a hull in w.r.t. M^. For such H , there is a unique ipH that maps 'Bt^\H conformally 
onto S^, such that for some c > 0, 'ipui.z) = z ±c + o(l) as z ^ ±00 in We call such 
c the capacity of H in w.r.t. M^, and denote it by scap(if). 
For ^ G C([0,T)), the strip Loewner equation driven by is 

a,^(t,z) = coth(^^^l^^^), ^(0,z)=z. (2.3) 

For < t < T, let L(t) be the set of z E S-,, such that the solution ip{s, z) blows up 
before or at time t. We call L{t) and il){t, ■), < t < T, strip Loewner hulls and maps, 
respectively, driven by ^. It turns out that 1^(1, ■) = i'L{t) and scap(L(t)) = t for each t. 
From now on, we write coth2(^), tanh2(-2), cosh2(-2), and sinh2(-2) for functions coth(z/2), 
tanh(2;/2), cosh(2;/2), and sinh(z/2), respectively. 

Let K > 0, pi, . . . , Pat G M, X G M, and pi, . . . ,p7v £ 1^ U U {+cxd, —00} \ {x}. Let 
B(t) be a Brownian motion. Let ^(t) and Pk{t) , ^ ^ k < N , be the solutions to the SDK: 

r dm = ^dB(t) + Y.k=i f coth2(^(t) - Pk{t))dt 

\dpk{t) = coth2{pk{t) ~ m)dt, l<k<N, ^'^ 

with initial values ^{0) = x and Pk{0) = Pk, ^ k < N. Here if some pk = ±C)0 then 
Pk{t) = ±00 and coth2(.C(t) — Pk{t)) = =Fl for all t > 0, so pk has a constant effect on the 
equation. Suppose [0,T) is the maximal interval of the solution. Let L{t), < t < T, be 
strip Loewner hulls driven by ^. Then we call L{t) , < t < T, a (full) strip SLE(k; p) 
process started from {x;p), where p = (pi, . . . , pn) and p = (pi, . . . ,Pn)- 

The following two lemmas show that strip SLE(k; p) processes also satisfy conformal 
invariance, and are conformally equivalent to the corresponding chordal SLE(k; p) pro- 
cesses. The proofs are similar to that of Lemma 12. and use the result of Section 4 in 
[14j . so we omit the proofs. 

Lemma 2.2 Suppose k > and p = (pi, . . . , p^) with J2m=i Pm = ~ For j = 1, 2, 

let Lj{t), < t < Tj, be a strip SLE{k,; p) process started from {xj;pj), where pj = 
{pj^i, . . . ,Pj^N) ■ Suppose W is a conformal or conjugate conformal map from onto 
§7r such that W{xi) = X2 and W{pi„i) = P2,m., 1 < m < N . Let Ii = W~^{M..,r) and 
I2 = Vr(]R^). For j = 1, 2, let Sj G (0, Tj] be the largest number such that for <t < Sj, 
Lj(t) does not separate Ij from in S^r. Then {W{Li{t)), <t < Si) has the same law 
as (L2(t),0 <t < S2) up to a time-change. 

Lemma 2.3 Suppose k, > and p = (pi, . . . ,Pn) with X]m=i P^n = — 6. Let K{t), 
<t < T, be a chordal SLE{n; p) process started from {x;p), where p = {pi, . . . ,Pn)- Let 
L(t), < t < S, be a strip SLE{k; p) process started from {y; q), where q = (gi, . . . , q^). 
Suppose W is a conformal or conjugate conformal map from EI onto §^ such that W{x) = 
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y and W{j)k) = Qk, I < k < N. Let I = W'\R^) and = W{oo). Let T' G (0, T] 
be the largest number such that for < t < T' , K(t) does not separate I from oo in H. 
Let S' G (0, S] be the largest number such that for < t < S' , L{t) does not separate goo 
from M^. Then {W{K{t)),Q < t < T') has the same law as {L{t),0 < t < S') up to a 
time-change. 



As usual, if K G [0, 4], then Sj = Tj, j = 1, 2, in Lemma [2^21 and T' = T and S" = S" in 
Lemma [2731 In general, for a strip SLE(k; p) process, by adding +oo and — oo to be force 
points with suitable values of forces, we may always make the sum of forces equals to 
K — 6, so the above two lemmas can be applied. From Lemma [2. 3 [ we have the existence 
of the strip SLE(k; p) trace, and the above two lemmas also hold for traces. 

3 Geometric Properties 

Suppose P{t), < t < T, is a chordal SLE(k; p) trace. In this section, we will study 
the existence and property of the limit or subsequential limit of (3{t) as t — T in certain 
cases. The three lemmas in the last section will be frequently used. 

3.1 Many force points 

Let K > 0, p± = {p±i, . . . ,p±N±), P± = {p±i, ■ ■ ■ ,P±N±), where < pi < ■ ■ ■ < pn+, 
> p_i > ■ ■ ■ > P-N-, and p±j G M, j = 1, . . . , N±. Let P{t), < t < T, be a chordal 
SLE(fi:;pY,p_) trace started from (0;p+,p_). Let (p(t,-) and ^(t), < t < T, be the 
chordal Loewner maps and driving function, respectively, for the trace 7. 

Theorem 3.1 Suppose for any 1 < k < N±, Yl'j=i P±j — ~ 2. 

(i) Almost surely T = 00, so 00 is a subsequential limit of f3{t) as t ^ T . 

(a) If in addition, k G (0,4], then almost surely /3((0, 00)) fl (M \ {0}) = 0. 



Proof. Let poo = k — 6 — X]j=iPi ~ J2j=iP-j- Let xo = 0. For 1 < k < N±, let 
X±k = Ei=i P±j > k/2-2. Let Xmax = max{x±fc ■ I < k < N±}. 



(i) If T = cxD, then the diameter of /3((0, t]) tends to cxd as t 00, so cxo is a subsequential 
limit of l3{t) as t —>■ T. So we suffice to prove that T = 00 a.s.. If T < 00, then for 
X = pi or p_i, ip{t, x) —^(t) — > as t ^ T, where ^{t) and {p(t, ■) are the driving function 
and chordal Loewner map. For any t G [0,T), ip(t,p_i) < C^{t) < ip(t,pi), so dt(p(t,pi) = 



2/((^(t,Pi)-e(t)) >Oandat<^(t,p_i) =2/(^(t,p_i)-e(t)) <0. Thus v{t,p,) -^{t,p_,) 
increases. If {p(t,pi) — ^(t) — > 0, then {{p(t,pi) — C^(t))/{{p(t,pi) — Lp(t,p^i)) 0, so 
iip{t,p,) - - ^ 0. Similarly, if ^{t) - 0, then (^(t) - 
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</.(t,p_i))/(^(t,Pi)-e(t)) ^ 0. Thus if T < oo,thenln(e(t)-</^(t,p_i))-ln((^(t,Pi)-eW) 
tends to +00 or —00 as t — > T. 

Suppose W maps EI conformally onto §^ such that W{0) = and W{p±i) = ±00. 
Let goo = W{oo) and q±j = W{p±j), 1 < j < N±. Let j{t) = P{u-^{t)) for < t < 
5* = u(T), where m is a continuous increasing function on [0,T) such that scap(L(t)) = t 
for any t, and L{t) is the hull in §^ w.r.t. generated by 7((0,t]). /^From Lemma [2.3^ 
7(^)5 < t < S*, is a strip SLE{k] p^o, p+, P-) trace started from {O]qoc,(i+,(1-), where 
<1± = {<l±i, ■ ■ ■ ,(1±N±)- Since all g^-'s are either ±00 or lie on M^, which will never be 
swallowed, so 5 = 00. 

Let ip{t,-) and ri{t), < t < 00, be the strip Loewner maps and driving function, 
respectively, for the trace 7. Let X^oit) = Reipit, q^o) ~v(J') and X±j(t) = Reipit, q±j) — 
V{t), 1 < J < X±. Then X_2(t) < ■•• < X.^A^) < ^oo(t) < X^v+W < ■■■ < X2(t). 
And for some Brownian motion B{t), r]{t) satisfies the SDE: 

dri{t) = ^dB{t) - ^tanh2(Xoo(t))rft 

N+ Af_ 

— idJi\i2{X j{t))dt - ^ — iim\i2{X-j{t))dt. 
i=i i=i 

For < t < T, let Wt = ipiu^t), ■)oWo Lp{t, ■)-^ Then Wt maps H conformally onto 
W^t(eW) = vHt)), Wtioo) = ^(M(t),goo), and WMt^p^,)) = ±00. Thus 

ln(e(t) - f{t,p-i)) - H'f{t,pi) - e(t)) = Re^{u{t), goo) - vHt)) = X^{u{t)). 

Thus if T < 00 then Xoo(t) tends to +00 or —00 as t — > 00. So now we suffice to show 
that a.s. limsup(_^oo Xoo(t) = +00 and liminf^^oo Xoo(t) = —00. We will prove that a.s. 
limsupj__^oo ^oo(^) = +00. The other statement follows from symmetry. 
Let XAr^+i(t) = X_Ar__i(t) = Xoo(t). Then Xoo(t) satisfies the SDE: 

dX^it) = -^dB{t) + (| - 2 - ^i^^+±^z^) tanh2(Xoo(t))rft 

N+ Af_ 

+ tanh2(X,(t))dt + tanh2(X_,(t))rft 

j=i i=i 

= ~^fKdB{t) + - 2) tanh2(Xoo (t))c?t 
+ 5^ ^(tanh2(X,(t)) -tanh2(X,+i(t)))rft 
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7V_ 

+ tanhs (X_, (t ) ) - tanha _i (t) ) ) . 

i=i 

Note that for 1 < j < A^±, ±(tanh2(X±j(t)) - tanh2(X±j±i(t))) > 0. Since k/2 - 2 < 
Xi ^ Xmax 1 < J < -^±, SO for some adapted process A{t) > 0, 

dX^{t) = -^/^dB{t) + + - 2) tanh2(Xoo(t))o?i 

N+ 

+ (^ - 1) (tanh2(Xj(t)) - tanh2(Xj+i(t)))rft 

+ Yl (tanh2(X_,(t)) - tanh2(X_,-i(t)))c^t 

= -^dB{t) + A{t)dt + - 1 - ^)(l + tanh2(Xoo(t)))t^t. 

Note that tanh2(X-|-i(t)) = ±1. Define / on M such that for any x G M, f'{x) = 
(e^ + i)!(xmax+2-«/2)_ g-j^^g ^^^^ > - 2, so /'(a;) > 1 for any x G M. Thus / maps M 
onto M. Let Y{t) = f{X^{t)), and A{t) = f'{X^{t))A{t) > 0. From Ito's formula, we 
have 

dY{t) = -y/^f'{X^{t))dB{t) + A{t)dt. 

Let M{t) = Y{t) - /o I(s)rfs. Then Y{t) > M{t) and dM{t) = -^f'{X^{t))dB{t). 
Let f(t) = /g /t/'(Xoo(s))^(is. Then t> is a continuous increasing function on [0, oo), and 
maps [0, oo) onto [0, oo). And M{v~^(t)), < t < oo, is a Brownian motion. Thus a.s. 
hmsupj^Q^^ M(t) = +00. Since Y{t) > M(t) for any t, so a.s. hmsup^^^Q F(t) = +oo. 
Since Xoo(t) = f~^(Y(t)), so a.s. hmsup4_^oo ^oo(i^) = +oo, as desired. 

(ii) From symmetry, we suffice to show that a.s. /3((0, oo)) fl (— oo, 0) = 0. Fix any r+ G 
(-oo,p_Ar_)nQ and r_ G (p_i,0)nQ. We suffice to show that a.s. /3((0, oo))n(r+,r_) = 
0. Choose W that maps EI conformally onto S^r such that W{0) = and W{r±) = ±oo. 
Let q±j = W{p±j), I < j < N±, and q± = (g±i, . . . , q±Nj- Let goo = W^(oo) G (0, oo). 
Let 7(t) = P{u~^(t)) for < t < 5 = u(T), where m is a continuous increasing function on 
[0,T) such that scap(7((0, t])) = t for any t G [0, S). /^From Lemma [275| 7(t), <t < S, 
is a strip SLE(k; p^o, p+, p_) trace started from (0; goo, <!+, Q-)- 

Let ip{t,-) and r]{t), < t < S*, be the strip Loewner maps and driving function, 
respectively, for the trace 7. Let Xoo{t) = ip{t,qoo) — Qn++i = q-N.-i = goo, and 
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X±j{t) = i}j(t, q±j) — r]{t), 1 < j < N± + 1. Then there is a Brownian motion B{t) such 
that Xix,{t) satisfies: 

dXoo{t) = -^dB{t) + (1 + ^) COth2(Xoo(t))rft 
+ COth2{Xj{t))dt + — COth2{X _j{t))dt 

= -^dB{t) + - 2) coih2{X^{t))dt 

N+ 

+ E - COth2{Xj+,{t)))dt 

7V_ 

+ ^ ^(c0th2(X_,(i)) - C0th2(X_,_i(i)))di. 

Since 1 < J < + 1, he on the boundary of in the counterclockwise direction; 

and X_j(t), 1 < j < iV_ + 1, he on the boundary of Sj^ in the clockwise direction, so 
we have ±(coth2(X-|-j(t)) — coth2(X-|-(j_|.i))) > for 1 < j < N^. Since x_j > /s;/2 — 2, 
1 < i < and Xj < xiax) 1 < J < so for some adapted process A\{t) > 0, 

(iX^(i) = -y/KdB{t) - Ai{t)dt + - 2) coth2{X ^{t))dt 

Zi 

+ (^ - l)(coth2(X_i(t)) - coth2(X_jv__i(t)))(it 

+ ^(coth2(Xi(t)) - COth2(X^.^+i(t)))dt 

= -y/KdB{t) - Ai{t)dt + {'^ - l){coth2{X^i{t)) + coth2{X^{t)))dt 

+ ^(coth2(Xi(t)) - COth2(Xo,(t)))dt 

Note that e and X^{t) e (0, oo), so coth2(X_i(t)) + coth2(Xoo(t)) > 0. Since 

K e (0,4], so k/4 — 1 < 0. Thus for some adapted process A2{t) > Ai{t) > 0, 

dX^{t) = -^dB{t) - A2{t)dt + ^(coth2(Xi(t)) - coth2(Xoo(t)))cit 

z 

For Q<t < S, since Xoo{t) > 0, so 

^B{t) <^ [ (coth2(Xi(s)) -COth2(Xoo(s)))ds. 
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Since < Xi{s) < Xoo(s) for < s < S", so the integrand is positive. Thus if xiax — 0; 
then B(t) < for < t < S*. Now suppose xiax > 0- Let gi(t) = ipit^qi) and 
looit) = tpit, goo)- From the strip Loewner equation, for < t < 5, 

V^Bit) < - goo(3))|:=* < -^{qi{s) - q^ms=o = ^{Qoo - Qi), 

where the second "<" follows from the fact that gi(t) < qooit)- Thus in any case, B(t) is 
uniformly bounded above on [0, S). So we have S < oo a.s.. 

For a hull H in w.r.t. ]R,r, if scap(if) = s then the height of H is no more than 
2 cos~^(e~'^/^), and the equality is attained when H is some vertical line segment. Now 
for < t < S, scap(7((0, t])) = t < S", so the distance between 7((0,t]) and is bigger 
than Tc — 2 cos~^(e~'^/^). Since a.s. S* < oo, so 7((0, S)) is bounded away from M^r- From 
the property of W and the definition of 7, we conclude that a.s. /5((0,oo)) is bounded 
away from (r+,r_). So we are done. □ 

Theorem 3.2 Suppose x G M, k G (0,4], pi,p2 > /t/2 — 2, and (3{t), < t < 00, is a 
chordal SLE{k,; pi, P2) trace started from {x;pi,p2)- 

(i) If pi = x~ and p2 = , then a.s. Imit^oo [3{t) = 00. 

(ii) If pi G (—00, a;) and p2 G {x,+oo), then a.s. limt^oo P(t) = 00. 

Proof. We may suppose a; = 0. We first consider the case that pi = x^ = 0^ and 
P2 = x~^ = 0^. Let Z denote the set of subsequential limits in EI of as t ^ cxd. We 
suffice to show that Z = a.s.. From Lemma [2.11 for any a > 0, a'^/3{t), < t < 00, 
has the same distribution as f3{at), < t < 00, which implies that a'^Z has the same 
distribution as Z. Thus we suffice to show that a.s. ^ Z. 

Let (pit, ■) and ^(t) be the chordal Loewner maps and driving function for the trace p. 
Choose Wt that maps (H; ^(t), ip(t, 0"*"), ip(t, 0~)) conformally onto (St^; 0, +00, —00), and 
let Xoo(t) = ReWtioo). Then Xoo(t) = ln(¥?(t, 0+) - ^(t)) - ln(^(t) - 0")). From the 
proof of Theorem 13. II (i). we see that a.s. limsupXoo(t) = +00 and liminf Xoo(t) = —00. 
Thus a.s. there is t > 1 such that Xoo(t) = 0, i.e., ip{t,0~^) — ^{t) = ^{t) — (p(t,0~). Let 
T denote the first t with this property. So T is a finite stopping time. 

Let giz) = (<^(T, z) -^(T))/(<^(T, 0+) -^(T)) and / = g-\ Then g maps e\/3((0, T]) 
conformally onto H, g{l3{T)) = 0; and / extends continuously to HUM such that /^^(O) = 
{-1,1}. Let 7(t) = g{f3{T + t)), t > 0. Then after a time-change, 7(t), < t < 00, 
has the same distribution as a chordal SLE(fi;; pi, P2) trace started from (0; —1, 1). From 
Theorem 13.11 (n), 7((0,cxd)) is bounded away from {—1,1} a.s.. Thus a.s. /3([T, cxd)) is 
bounded away from 0, which implies that ^ Z. So we proved (i). 

(ii) Suppose pi G (—00, x) and p2 G (x, 00). Let r = {j>2~ x)/{x — pi). Let /9o(^) be a 
chordal SLE(/t; pi, P2) trace started from (0;0~,0"*"). Let (p{t,-) and C,{t), <t < 00, be 



12 



the chordal Loewner maps and driving function for the trace (3q. Let Xoo{t) be defined 
as in the last paragraph with P replaced by Pq. Then there is a.s. t > 1 such that 
-^oo(^) = ln(r), i.e., {ip{t,0~^) — C,(t)) / {C,(t) —ip{t,0~)) = r. Let denote this time. Since 
(Xoo(t)) is recurrent, T is a finite stopping time. Let 



Then g maps (H \ /?o((0, T,.]); /?o(Tr), 0~, 0"^) conformally onto {M; x,pi,p2). So after a 
time-change, {g{Po{Tr + t)),0<t< oo), has the same distribution as (/5(t), < t < oo). 
From (i), a.s. limj^oo /5o(^) = oo, so we have a.s. limt^oo Pit) = oo. O 

Conjecture 1 (Reversibility) Suppose k, G (0,4), p-.,p+ > k,/2—2, and P{t), <t < oo, 
is a chordal SLE{k] p_, p+) trace started from (0; 0~, 0"*"). Let W{z) = 1/^. Then after a 
time-change, the reversal of {W{P{t))) has the same distribution as {P{t)). 

If K = 0, the conjecture is trivial because the trace is a half line. If p+ = p- = 0, i.e., 
/3 is a standard chordal SLE(fi;) trace, the reversibility is known in [TSj. If k = 4, the 
reversibility is a result of the convergence of discrete Gaussian free field contour line in 
[13j : and is also a special case of Theorem l5.5l in this paper. To prove this conjecture using 
the technique in [18] and this paper, one may need to know the conditional distribution 
of Pit), Ti < t < T2, given its initial segment /3([0,Ti]) and final segment P{[T2, 00)), 
where Ti is a stopping time, T2 is a "backward" stopping time, and Ti < T2. In the case 
that P is a. standard chordal SLE(fi;) trace, we find that P{t), Ti < t < T2, is a chordal 
SLE(k) trace in EI \ (/5((0,Ti] U [T2, 00))) from Pi(Ti) to P2iT2), up to a time-change. If 
K = 4, we will see in the proof of Theorem 15.51 that after a time-change, P{t),Ti < t < T2, 
is a generic SLE(k; p^,p^) trace in EI \ (/?((0,Ti] U [T2, 00))) In general, this conditional 
distribution may not be an SLE(k; p) trace. 

3.2 Two force points 

We now study a strip SLE process with two force points at 00 and —00. Let k > 
and p+,P- G M. Suppose Pit), < t < T, is a strip SLE(k; p_|., p_) trace started 
from (0;+oo,— 00). Let a = (p_ — p+)/2. Then T = 00 and the driving function is 
^{t) = ^JT^B{t) + at, < t < 00, for some Brownian motion B{t). Let L{t) and il){t, ■), 
< t < CX3, be the strip Loewner hulls and maps, respectively, driven by S,- 
We first consider the case that \a\ < 1. Then ^{t) satisfies 



g{z) =x + 



{P2-Pi){'^{Tr,z) -^{Tr)) 

^iTr,0+)-ip{Tr,0-) 



\^{t)\ < A{uj) + a't, Vt > 



(3.1) 



where a' := (1 + |o"|)/2 < 1 and A{uj) > is a random number. 
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Lemma 3.1 // \a\ < 1, then L{oo) is bounded. 

Proof. Let a" = (1 + \a'\)/2. We may choose R > such that Recoth2(-2) > cr" when 
zeSn and Rez>R. iFrom 1^1^ there is a = a{uj) > R+1 such that R+l+^{t)-a"t < a 
for all t > 0. Consider a point z G Sjr with Rez > a. Suppose there is t such that 
Re'i/j{t,z) -^{t) < R. Since ^^{0, z) = z, so Re^p{0,z) =Rez>a> R. Since ^(0) = 0, 
so Reip{0, z) — C,{0) > a > R. Thus there is a first to such that Reipito, z) — ^(to) = R- 
For t G [0, to], we have Re'?/'(t, z) — ^(t) > i?, and so 

dtReilj{t,z) = Recoth2(?/'(to,^) - ^(to)) > (y" ■ 

Integrating the above inequality w.r.t. t from to to, we get 

i? = Re^(to,2) -e(to) > ReV^(0,^) + (T"to -^(to) > a + (7% - ^(to) >R + l, 

where the last inequality uses the property of a. So we get a contradiction. Therefore 
Re'?/'(t, z)—^{t) > R for all t > 0. So iplt, z) will never blow up, which means that z ^ L{t) 
for all t > 0, and so z ^ L{oo). Similarly, there is a' = a'{uj) > such that if 2 G Sjr and 
Re^ < —a' then z ^ L(oo). Thus L(oo) is contained in {x + iy : —a' < x < a,0 < y < vr}, 
and so is bounded. □ 

Let 

/X 
4(7 4 
exp(s/2)~ cosh2(s)"-(is. (3.2) 
-oo 

Since \a\ < 1, so /k,o- maps M onto the interval (0,^^,0-) for some A^^a- < oo. 
Let ' 

Xt{z)=Re^Pit,z)-m■ 

Now fix zq = Xo+Tci G Mtt- Then ■?/'(t, zq) G Mtt for all t. Let Xt denote Xt{zo) temporarily. 
Then dXf = tanh2(Xt)(it — dC,{t). /,From Ito's formula, we have 

df^A^t) = -exp(Xt/2)^cosh2(Xt)-«v^d5(t). 

Thus fn^aiXt) is a local martingale. 

Let u{0) = and u'{t) = [exp(Xs/2)"^ cosh2(Xs)~~A/K]^. Then u is a continuous 
increasing function. Let T = m(oo) g (0, +cxo], and v = u~^. Then (/K,o-(-^i;(t)), < t < 
T) has the same distribution as (i?(t), < t < T). Since fK,a{Xy(^t)) stays inside (0, A^^^ 
so from the property of Brownian motion, we have a.s. T < oo and limt^T fK,cr{Xy(^t)) 
exists. If \imt-,T fK,a{Xy^t)) is neither nor A^^^j, then fK,a{Xy(^t)) is uniformly bounded 
away from and A^.o- on [0,T), so Xt is uniformly bounded on [0, oo), which implies 
that u'{t) is uniformly bounded below, and so T = u{oo) = oo. Since T < oo a.s.. 
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so limt^T fK,a{Xv{t)) ^ {0, Ak,ct} a.s.. Thus limt_^oo-^t ^ {i^o} ^-s-- Moreover, the 
probabihty that Xf +00 is equal to fK,a{xo)/Af^^^ by the Markov property. 



Since xi < X2 imphes R.eip{t,xi + ni) < Iieilj{t,X2 + Tfi) for all t, so we have J_ < J+; 
and for x < J_, Xt(x + vri) ^ —00, for x > J+, Xt{x + vr?) — > +00 as t 00. Hence 
P {J+ < x} < f K,a{x) / Af^ cT < P {-^- < x} for all x G M. Since /^^o- is strictly increasing, 
so J_ = J+ a.s.. By discarding an event of probability 0, we may assume that J+ = J_, 
and let it be denoted by J. The density of J is exp(x/2)^ cosh2(x)~''/''/AK,cr- 

Lemma 3.2 L(oo) n = {J + vri}. 

Proof. If J + vri ^ L{oo), then there are 6, c > such that dist(x + vri, L(oo)) > c for 
all X G [J — b, J + b]. From the definition of J, Xj( J ± 6 + vri) ±00 as t — 00. Thus 
Iieip{t, J + b + 111) — Re'?/'(t, J — 6 + vri) ^ +00 as t — > 00. By mean value theorem, 
for each t, there is x^ G [ J — 6, J + b] such that \dzip{t, Xt + 7ri)| ^ 00 as t — > 00. From 
Koebe's 1/4 theorem, we conclude that dist(x( + vri, — 0, which is a contradiction. 
Thus J + ni E L(oo). 

Suppose Xo > J. Then Xt(xo + ni) +00 as t ^ 00. Thus dtip{t,XQ + ni) 1 
as t ^ 00. Recall that < ci' < 1, and \^{t)\ < A{iu) + o't for all t > 0. So there 
is if > such that when t > H, Xt{xo + ni) = Re^/'(t,Xo + ni) — (^(t) > ■^-^t. So 
Xi{x + ni) > ^-j- 1 for all x > Xq and t > H. 

Differentiate equation (12. 3p w.r.t. z, then we get 



Define 



J+ = inf{x G M : hm Xt{x + ni) = +00}; 



J_ = sup{x G M : lim Xt{x + ni) = —00}. 



dtdzij{t,z) 



l/2-d,ij{t,z)-smh2{ij{t,z)-C{t)) 



-2 



Thus 

dt\n\d^ilj{t,zo)\ 
It follows that for all x > Xq, 



Re(-l/2-sinh2(V'(t,^o)-eW)"')- 



(3.3) 



dz'4'{t, X + ni)\ = exp 




smh.2{ip{s, X + ni) — ^(s))^ 



-1/2 



) 



ds 



) 
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< ( ^ r ^ 

Then by Koebe's 1/4 theorem, for all a; > xq, x + vri is bounded away from L(oo) 
uniformly. Thus L(oo) is disjoint from [xq + vrz, +00) for all xq > J ■ So L(oo) is disjoint 
from (J + TTZ, +00). Similarly, L{oo) is disjoint from (—00, J + vrz). Thus L(oo) intersects 
Mtt only at J + vri. □ 

Theorem 3.3 //k G (0,4] and \a\ < I, then a.s. \\mt^ool3{t) E M^. 

Proof. Let Q = no<t<ooP[t,oo). By Lemma \3A] Q is nonempty and compact. Suppose 
^ has the same law as ^, and is independent of ^. Let P(t) and ipit, ■), < t < 00, be 
the strip Loewner trace and maps driven by C,, respectively. Let {J-'t) be the filtration 
generated by C,- For h G (0, 1), let Th be the first t such that Im j3{t) = tt — h. From 
Lemma [121 Th is a finite (jFi)-stopping time. Let = ^(t) for < t < T/^; = 

^(T/i) + ^(t — T/i) for t > Th. Then has the same distribution as ^. Let be 
the strip Loewner trace driven by Then = M/T'h(/?('^ — Th)) for t > T^, where 

P^Thl^;) := ')~^i.^{Th) + 2;). Since /3* has the same distribution as /3, so Wrt^iQ) has 

the same law as _ 

Let A_ denote the set of curves in S,r \ /?((0,T/i]) that connecting (— oo,0) with the 
union of [0, 00) and the righthand side of /3((0, T^]). Let p = Re [3{Th) +7ri, and A = {z E 
'Bit^ : h < \z — p\ < tt}. Then every curve in A_ crosses A. Thus the extremal length ([T]) 
of A_ is at least (ln(7r) — ln(/i))/7r. From the property of ipT^i ^t,, maps conformally 
onto \ /9((0, T/i]). There are Ch < < dh such that Wt^{{— 00, Ch]) = (— oo,0] and 
WT,{[dh,oo)) = [0,00). Since k G (0,4], so 1^t,((c/„4) = P{{0,Th]) C Moreover, 
Wt^{0) = PiTh), and Wt^ maps [0, dh) to the righthand side of /3((0, T/^]). From conformal 
invariance of extremal length, the extremal distance between {—00, Ch) and [0, 00) in S^r is 
not less than (ln(7r) — ln(/;,))/7r. Thus Ch —>■ —00 uniformly as h —>■ 0. Similarly, dh — > +00 
uniformly as h 0. 

For any 2; G §7r, we have Im (z) > Im 2;; and the strict inequality holds when 2; G S^r 
or 2 G (c/i, (i/i). Thus minjlm Wt'^(Q)} > minjlmQ}. Since Wt^{Q) has the same law as 
Q, so a.s. mm{lmWT^{Q)} = minjlmQ}. Suppose now Q ^ holds with a positive 
probability. Since Q is a bounded set, there is i? > such that P [Sr] > 0, where Sr 
denotes the event that Q C : | Re 2;| < R} and Q ^ both hold. If h is small enough, 
we have \ch\, \dh\ > R. Assume that Sr occurs. For any z E Q \ M.t,, either z E S-,, or z E 
{ch,dh)- In both cases, we have lmWT^{z) > Imz. Thus mm{lmWT,XQ)} > minjlmQ} 
on Sr, which is a contradiction. Thus a.s. Q C M^r. From Lemma 13. 2[ we have a.s. 
Q = {J + ni}, which means that limt^oo l3{t) = J + iri. □ 

Now we consider the case that \a\ > 1. 



< +00. 
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Theorem 3.4 If n & (0)4] and ±a > 1, then almost surely liiiii^oo = ±oo. 

Proof. Let a > 1. Let W{z) = — 1. Then W maps (S^r; 0, +oo, — oo) conformaUy onto 
(H; 0, oo, —1). From Lemma [2^31 after a time-change, W{j3{t)), < t < oo, has the same 
distribution as a chordal SLE(k; | — 3 + a) trace started from (0; —1), which is also a 
chordal SLE(k; |-3 + (J, 0) trace started from (0; -1, 1). Since cr > 1, so |-3 + (t > ^-2. 
Since k e (0,4], so > f - 2. Thus from Theorem O (ii), a.s. limt^oo W{/3{t)) = oo, 
which imphes that limt^oo f3{t) = +oo. The case cr < —1 is similar. □ 

Remark. Theorem l3.3l and Theorem 13.41 should hold true in the case k > A. For example, 
the only part that the condition k, G (0, 4] is used in the proof of Theorem 13.31 is that 
lmWT^{x) > = Imx for Cft < X < dh- If this is not true for any k > 4, then we get 
some cut point of the hull that lies on the real line, which does not seem to be possible. If 
K > 4 in Theorem 13.41 we can prove that if a > 1 (resp. a < —1), then L(oo) is bounded 
from left (resp. right) and unbounded from right (resp. left), and L(oo) fl = 0. 



3.3 Three or four force points 

First, we consider a strip Loewner process with three force points. Let k > and 
p+ + p_ + p = K — 6. Suppose /5(t), < t < T, is a strip SLE(k; p+, p_, p) trace started 
from (0; +oo, — oo,p) for some p G Mtt. Then T = oo. Let p = Rep. Then the driving 
function ^(t), < t < oo, is the solution to the SDK: 

r d^{t) = ,/KdB{t) + ^^dt- Itcinh2{p{t)-^{t))dt; 

\ dp{t) = tanh2(p(t) - ^{t))dt. ^ ' 

Here p{t) G M and p{t) + vri = il){t,p) for any t > 0, where '?/'(t, ■), < t < oo, are strip 
Loewner maps driven by ^. Let X{t) = p{t) — ^{t). Then X{t) satisfies the SDK: 

dX{t) = -^dB{t) - ^~ ~ ^+ dt + {l + ^) tanh2(X(t))dt. (3.5) 
Suppose / is a real valued function on M, and for any x G M, 

/ (x) = exp(x/2)« 2 cosh2(x)~~'^ "^2^ 

iFiom. Ito's formula, f{X{t)) is a local martingale. 

Let / = /(M). Recall that p = k - 6 - p+ - p_. If p+ > k/2 - 2 and p_ > k/2 - 2, 
then / = M, so a.s. limsupX(t) = +oo and liminf X(t) = — oo. If p+ < k/2 — 2 and 
p_ > k/2— 2, then / = (a, oo) for some a G M, so a.s. limX(t) = — oo. If p-|- > k/2 — 2 and 
p„ < k/2 — 2, then I = (— oo, b) for some 6 G M, so a.s. limX(t) = +oo. If p+ < k/2 — 2 
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and p_ < /t/2 — 2, then I = (a, b) for some a, 6 G M, so with some probabihty P G (0, 1), 
\imX(t) = — oo; and with probabihty 1 — P, hmX(t) = +oo. 

Let h = [k/2 - 2, oo), h = {k/2 - 4, k/2 - 2), and h = (-oo, k/2 - 4]. Let Case 
(jk) denote the case that p+ G Ij and p„ G /fc. We use (p, +oo) or (— oo,p) to denote the 
open subarc of between p and +oo or between p and — oo, respectively. 

Theorem 3.5 Suppose k G (0,4]. In Case (11), a.s. \\mt^oo l3{t) = p. In Case (12), 
a.s. \imt^ooP{t) ^ i—oo,p). In Case (21), a.s. Imit^oo Pif) G (p, +oo). In Case (13), 
a.s. Ymit-^oo Pit) = —oo. In Case (31), a.s. Imit^oo Pit) = +oo. In Case (22), a.s. 
limt^oo Pit) G (— oo,p) or G (p, +oo). In Case (23), a.s. \imt-,oo Pit) = —oo or G 
(p, +oo). In Case (32), a.s. limt^oo Pit) G (— oo,p) or = +oo. In Case (33), a.s. 
limt^oo Pit) = — oo or = +oo. And in each of the last four cases, both events happen 
with some positive probability. 

Proof. The result in Case (11) follows from Theorem 13.21 and Lemma [2.31 Now consider 
Case (12). We have a.s. limX(t) = +oo. Let F(t) = X(t) + ^/nBit). lYiom ([33]), a.s. 

r(t) = + (1 + f ) tauh.(X(0) - + 1 = ^-2- p- 

as t oo. Thus a.s. 

lim Xit) It = lim F (t) /t = k/2 - 2 - p_ > 0. (3.6) 

^From ( 13. 4p . we see that as t — > oo, the SDE for ^(t) tends to dC,it) = ^/ndBit) + adt, 
where a := — p/2 = p_ — (/t/2 — 3) G (—1, 1). /^From Theorem 13.31 it is reasonable 

to guess that a.s. \\mt^c>o Pit) G Mtt- This will be rigorously proved below. 
Let 

a(t) = ^(l-tanh2(X(t))); (3.7) 

Mit)=exp{- [ ais)dBis)-- [ ais)^ds). (3.8) 
Jo 2 Jo 

From (ESD, a.s. ait)^dt < oo, so a.s. limi^oo ^(^) G (0, oo). /^From Ito's formula, 
M(t) is a positive local martingale, and dM(t)/M(t) = -a(t)rf5(t). For X G N, let 
Tat G [0,oo] be the largest number such that M(t) G (1/X,X) for < t < T^. Then 
T/v is a stopping time, M(t A T/v) is a bounded martingale, and P [{T/v = oo}] ^ 1 as 
iV ^ oo. Define Q such that dQ = MiT]^)dP , where M(oo) := limt^ooM(t). Then 
Q is also a probability measure. For t >0, let Bit) = Bit) + J^ais)ds. From (13.41) . we 
have 

e(t) = ^(0) + v^5(t) + at. 
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From Girsanov Theorem, B{t), < t < T/v, is a partial Q-Brownian motion. Since 
K G (0,4] and \a\ < 1, so from Theorem 13. 3[ Q-a.s. hm^^ j-^ /3 (t) G on {T/v = oo}. 
Since < dQ/dP < N, so Q is equivalent to P. Thus (P-)a.s. limt^T^/5(t) G 
on {T/v = oo}. For any e > 0, there is such that P [{T/v = cxo}] >! — £:. Thus 
with probability greater than I — e, limt^oo Pit) G Mjr- Since e > is arbitrary, so a.s. 
lim^^oo l3{t) G Mtt- Now for any x G M and x > p, iplt, x + ni) G and Re x + rri) > 
Iieilj{t,p + vri) for any t > 0. Thus Re-?/'(t,x + ttz) — ^ oo as t ^ oo. /^From 
an argument in the proof of Lemma 13.21 we have dist(x + vri, /?((0, oo))) > 0. Thus 
limt^oo/3(t) ^ [p, +oo), so a.s. limt^ooP{t) G (-oo,p). 

Now consider Case (13). The argument is similar to that in Case (12) except that now 
(J = p_ — (k/2 — 3) < —1, so from Theorem 13. 4[ we have a.s. limt-,oo P{t) = — oo. Case 
(21) and (31) are symmetric to the above two cases. In Case (22), a.s. limt^oo-^(^) = 
+00 or = — oo. If limt^oo-^(^) = +oo, then as t — oo, the SDK for ^{t) tends to 
d^{t) = ^/KdB{t) + adt, where a = — (k/2 — 3) G (—1, 1). Using the argument in 
Case (12), we get a.s. \mit~>oo f^if) G (— oo,p) whenever limt^oo-^(^) = +oo. Similarly, 
a.s. Yrnvt^oo I3{t) G (p, +oo) whenever Ymvt-^oo X {t) = — oo. The arguments in the other 
three cases are similar to that in Case (22). □ 

Next, we consider a strip Loewner process with four force points. Let k, > and 
p+ + P- + Pi + P2 = K — 6. Suppose Pit), < t < T, is a strip SLE(/t; p+, p_, pi, P2) trace 
started from (0; +00, —00,^1,^2) for some pi,P2 G M with pi > > p2- Then the driving 
function ^(t), < t < T, is the maximal solution to the SDE: 



r dm = ^dB{t) + !^dt-Y.]=/-icot\i2{p,{t)-i{t))dt- 

\dp^{t) = coth2{pj{t) - m)dt, J = 1,2. 
Here Pj{t) = ip(t,pj) G M, < t < T, j = 1, 2, where ipit, ■), <t < T, are strip Loewner 



Theorem 3.6 Suppose k G (0,4], pi > k/2-2, pa > k/2-2, | (pi + p+) - (p2 + P-)| < 2, 
and min{pi,p2} < 0. Then a.s T = 00 and limt^oo Pit) G ]R,r- 

Proof. We only consider the case that p2 < 0. The case pi < is symmetric. Let 
Xjit) = pjit) - lit), J = 1, 2. Then Xi(t) > > X2(t), < t < T. And we have 



maps driven by ^. 



dXiit) 



y^dBit) 



P 



P+ 




2 



Define / on (0, 00) such that for any x > 



fix) = exp(x/2) 



sinh2(x) k(^+''2\ 
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Then for any x > 0, 



f r (X) = fix) [ P--P^ + P^ _ (1 + |) eoth.(x)) . 

Let Y{t) = /(Xi(t)) for any t G [0, T). From Ito's formula, we have 

dYit) = -^f\X^{t))dB{t) + + coth2(X2(t)))rft. 

lYiom. the conditions of pj's, / maps (0, oo) onto (— cxd, h) for some 6 G M. Since P2 ^ 
and X2{t) < 0, so the drift is non-negative. Thus a.s. hmj^ry(t) = 6, which imphes 
that XiYat^TXiit) = +oo. Let Z{t) = Xi{t) + ^B{t). Since coth2(X2(t)) < -1 and 
P2 < 0, SO if T = oo, then as t — ^ oo, 

z'it) > E±^^ + (1 + cotm)) - 1 + ^ 

Then hminft^oo-^i(i5^)A = hminft^oo Z(t)/t > cr := 1 + (p+ + pi — p_ — p2)/2 > 0. 

Let a{t) and M(t) be defined by (13.71) and (13. 8p except that p and tanh2(X(t)) in (13.71) 
are replaced by pi and coth2(Xi(t)), respectively. If T = oo, since liminf^^oo — 
cr > 0, so a.s. limi_^oo ^(^) ^ (0, oo). This is clearly true if T < oo because a{s) is 
bounded. Let B{t) = B{t) + a{s)ds, 0<t<T. From we have 

d^{t) = ^dB{t) + ^~ - ^ coth2(X2(t))dt. 

If under some probability measure Q, {B{t)) is a partial Brownian motion, then j3{t), 
< t < T, is a partial strip SLE(k; p'_^, p_, P2) process started from (0; +00, —00,^2), 
where p'^_ = p+ + pi. Since p'^_ + p_+p2 = k — 6, p'l^ G (k/2 — 4, k/2 — 2) and p2 > k/2 — 2, 
so from Lemma [2.21 and Theorem 13. 6[ we have Q-a.s. liuit^T P{t) G Mtt U Stt- From the 
proof in Case (12) of Theorem 13. 6[ we have a.s. lim^^r P{t) G M,r U S^. Since /5 is a full 
trace, it separates either pi or p2 from in S^, so lim^^'r P{t) £ is not possible. Thus 
limt^T Pit) G a.s.. This implies that T = lim^^T- scap(/9((0, t]) = 00. □ 



4 Coupling of Two SLE Processes 

Let Ki,K2 > 0; = 16; p^-^ G M, 1 < m < A^, j = 1, 2, G N; p2,m = -i^2Pi,m/4:, 
1 < m < N] xi, X2,Pi, . . . ,pAr G M are distinct points. Let pj = (pj,i, . . . , Pj,N), j = 1, 2, 
and p = {pi, . . . ,Pn)- Note that if Ki = K2 = 4, then pi + P2 = 0; if ki, ^2 7^ 4, then 
Pi/ {1^1 ~ 4) = P2/{k,2 — 4). The goal of this section is to prove the following theorem. 
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Theorem 4.1 There is a coupling of Ki(t), < t < Ti, and K2{t), < t < T2, 
such that (i) for j = 1,2, Kj(t), < t < Tj, is a chordal SLE^Kj] —^y Pj) process 
started from {xj; X3-j,'p) ; and (ii) for j 7^ /c e {1,2}, if ik is an [T^) -stopping time 
with ik < Tk, then conditioned on JF^, ipk{tk, Kj{t)) , < t < Tj(tk), has the same 
distribution as a time-change of a partial chordal SLE{Kj; —-^iPj) process started from 
{iPk{h,Xj)]^k(tk),'^k(tk,P)), where ipk(t,p) = (v? fc(t,pi ), . . . ,ipk( t,pN)), '~Pk(t,-) = ipK^it), 
Tjitk) € (0, Tj] is the largest number such that Kj{t) fl Kk{ik) = for < t < Tjitk), 
and (J-'t) is the filtration generated by {Kj{t)), j = 1,2. 

In many cases we can prove that (fkiik, Kj{t)), < t < Tj{tk), has the same 
distribution as a time-change of a full chordal SLE(Kj; — pj, ) process started from 
{(Pk(tk,Xj);^k{ik)j'-Pk{tk,p))- From the property of Tj (4), Uo<t<Tj{tk)Kj(t) touches i^^ (4), 
so Uo<t<T (ifc)V^fc(4, Kj{t)) touches M. So the chain can not be further extended while stay- 
ing bounded away from the boundary. Thus if Kj < 4, it is a full process. Another case 
is when there is some force point pk that lies between xi and X2. Then Uo<t<Tj{tk)Kji't) 
separates ^Pk{ik,Pk) from 00. So again we get a full process. 



4.1 Ensembles 

Let's review the results in Section 3 of [18j. For j = 1, 2, let Kj{t) and ^Pjit, ■), < t < Sj, 
be chordal Loewner hulls and maps driven by C,j G C([0, Sj)). Suppose -ft'i(ti) ("1/^2(^2) = 
for any ti G [0, Si) and e [0, ^2). For j ^ A; G {1, 2}, to e [0, Sk) and t G [0, Sj), let 

K,,toit) = (K.it) U Kkito))/Kkito), ip,,t,{t, ■) = ifK,,^t^ty (4.1) 

Then for any ti G [0, 5*1) and ^2 G [0, 5*2), 

We use di and to denote the partial derivatives of and fj^toi'r) w.r.t. the 

first (real) and second (complex) variables, respectively, inside the bracket; and use do 
to denote the partial derivative of ^j^toi'y ') w.r.t. the subscript to- From (3.10~3.14) in 
Section 3 of [18j, we have 

do^kAs,Ut)) = -35.Vm(s,0W); (4.3) 

dod,cpk,tis,^jit)) _1 (dl^kAs,ij{t))\^ 4 dl^kAs.ijif)) , ^^^^ 



c^zV'fe,t(s,0(t)) 2 \dzipk,t{^^^jit)) J 3 dzipk,t{s,ij{t)y 

a \ 2d^ipk,tito,^jit)f 

- VKt{to,ij{t)) 
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4.2 Martingales 

Suppose xi,X2,Pi, ■ ■ . ,Pn are distinct points on M. Let G C{[0,Tj)), j = 1,2, be two 
independent semi-martingales that satisfy d{^j{t)) = Kjdt, where Ki,k,2 > 0. Let <f{t,-) 
and i^'j(t), < t < oo, be chordal Loewner maps and hulls driven by ^j, j = 1, 2. Let 



V := {{ti,t2) : Ki{ti) nK2{t2) = dS, (p{tj,Pm) does not blow up, 1 < m < NJ = 1,2}. 

(4.9) 

For {ti,t2) eV, J k e {1,2}, and h e Z>o, let A,,ft(ti,t2) = ^.Vm. (^fc, ^oi 
{ti,t2) eV, 1 < m < N, and h G Z>o, let Bm,h{ti,t2) = d^VKiiti)uK2it2)iPm)- For j = 1, 
k = 2, and 1 < m < A^, we have the following SDKs: 

d,A,,o = A,,,dUt,) + (f - 3)A,,29t,; (4.10) 
8,A,, = -^^at„ SiM.^Mi^a,; (4.12) 

a,B„,, = -^^at„ ^ - , „ (4.13) 

Here 9j means the partial derivative w.r.t. tj. Note that (I4.10p and (14.111) are (4.10) 
and (4.11) in [18]; fgl2D follows from (gS]) and (glD here; and fICTD follows from fl43|) . 
dM]), and (USD- By symmetry, fHTTUl ^ HTTS]) also hold for j = 2 and A; = 1. 

For j ^ k e {1,2}, let E^-q = - ^fc,o = -^fc,o; = 4 ,o ~ -^ ^.o, 1 < < A^; 
and C„,,„2 = 5^1,0 - 5^2,0, 1 < mi < ma < iV. From I^M), (I412D . and gH, for 
< m < iV, 

^ = + ((f - 3) ■ + 2 |i) a, (4.14) 
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From KT2^ and fHTT^ . for 1 < m < and 1 < mi < ma < iV 

^k,m -^j,OJ-'j,m 'mi,m,2 ■^j,'rn,i-'-'j,'m2 

Now suppose = 16. For j = 1, 2, let 

_ 6 - _ (8-3/t,)(6-/t,) 

Then Ai = A2. Let it be denoted by A. From (14. lip and (14.121) . we have 

— ^ = -2afc ^^j- = dtj. (4.18) 

Suppose pj = {pj^i, . . . , pj^n) G M^, j = 1,2, and = -fpi- Let p*,„ = pj^m/i^j, 
1 < m < iV, J = 1,2. Then p*^^ = -Kipt^^/4 and p^^ = -k^pIJA for 1 < m < iV. 
From (I4.14P and (I4.15p . for j ^ k e {1, 2} and 1 < m < A^, we have 

+ (y PlmiPlm - 1) + 2p,4) ^ (4.19) 

gji^fc.mr^- ^ _ . 4i 4i g^. /420) 

Let E = |Ei,o| = |^2,o|- From flTOj) . for j = 1,2, 
For 1 < m < A^, let 

7m = — Pi ,m Vr l,m ,m \r2,m - ^)+P2 

For j = 1,2, from (14.130 we have 

-jr^ = -(f PUP*,m - 1) + 2p*^) (4.22) 
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For 1 < nil < ^2 ^ N , let 



5. 



mi,m2 2 Pl,miPl,m2 2 P2,miP2,m2- 



From f05|) . for j = 1,2, 



For (ti,t2) e P, let 

^(Si,S2)2 



F(ti,t2)=exp / / ' ' ' — ^ -dsids2). (4.24) 



From (4.15) in [18j, for j = 1,2, 



M_! = _A(i.|2-i.4M)a,,, (4.25) 



Let 



M = ^^F-^ n (^^^illl^^'-r^-) n \Cm.,m2\'----. (4.26) 

m=l j=l l<m,i<m,2<Af 



Now we compute the SDK for djM/M in terms of d^j{tj) and dtj. The coefficient of 
the d^j{tj) term should be the sum of the coefficients of the d^j{tj) terms in ( 14.17Kl4l25l) . 
The SDKs in gl7H425l) that contain stochastic terms are (^J7\\ . (ICTIl . (lOTi) . So the 
sum is equal to 

The coefficient of the dtj term equals to the sum of the coefficients of the dtj terms in 
fl4.17KHy25l) plus the sum of the coefficients of the drift terms coming out of products. 
The drift term in the SDK for djM/M contributed by the products of fl4.17p and SDEs 
in dHHD is 



Kj 



m=l ra=l ^j,m 

The drift term contributed by the products of (14.211) and SDEs in (14.191) is 

m=l m=l 
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The drift term contributed by the product of fl4.17l) and fl4.2ip is 



The drift term contributed by the products of pairs of SDEs in (14.191) is 

f^j ■ Pj,mi ■ p ■ Pi.ma ' p = '^i Pj,miPj,m2 ' (4-31) 

The sum of the coefficients of the dtj terms in fl4.17Kl4y25!l is equal to 

.fl 42 _1 A,,3\ Sk,-8 AI ^ K,-6 A,, 2 

U (S 4 . J 8 R2^ ^ Z^Pj> 



4 4, 6 A,,, J 8 4o 2 E,,^ 

^2 

+ E (y pU^plm - 1) + 2p* ^) + E 



m=l ^ " ' ""i,™ m=l ^ Ej,oEj,m 

N A2 



-" Ji*^ m=l 
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my ^2 



E* * 4,1 A / ^ 4.2 1 4,3 

— 6 Aj^2 \ ^ '^jP*j,m 4,1 



Pi,m 9 Z?. 



m=l 



Ejm -, 2 EjnEj 



^ (4.32, 

^From fOSKO^ . the SDE for 9jM/M has no dtj terms. Thus from (H^ZD, for j = 1, 2, 
we have ^ 

¥ - ■ - r + t Pl™ (4.33) 

For (ti,t2) e P, let _ _ 

M(t„t2)^5^^»^. (4.34) 
M(ti,0)M(0,t2) 

Then M(ti,0) = M(0,t2) = 1 for tj E [0,T,), j = 1,2. 
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The process M turns out to be the local Radon-Nikodym derivative of the coupling 
measure in Theorem 14.11 w.r.t. the product measure of two standard chordal SLE(fi;) 
processes. Fix j ^ k E {\,2}. Such M must satisfy SDE (14.331) . So there are factors A^^^, 
rim l-^i.mT^''"' ^^'i E^^^"^ in fl4.26p . Other factors in (14.261) make M a local martingale 
in tj, for any fixed tj.. Moreover, if tj is fixed, M should also be a local martingale in 
tfc. And we expect some symmetry between j and k in the definition of M. This gives 
restrictions on the values of Kj and pj^mi J = 1, 2, 1 < m < A^. The process M then 
becomes the local Radon-Nikodym derivative of the coupling measure in Theorem 14.11 
w.r.t. the product of its marginal measures. The property of M will be checked later. 

Let Bi{t) and B2{t) be independent Brownian motions. Let (JF^) be the filtration 
generated by Bj(t), j = 1,2. Fix j ^ k E {1,2}. Suppose ^j(t), < t < Tj, is the 
maximal solution to the SDE: 



N 



Pi,- 



dt. 



(4.35) 



with ^j(O) = Xj. Then {Kj{t),0 < t < Tj) is an SLE(/tj; —^,Pj) process started from 



id, so at tj = t and tk = 0, Aj^i = 1, Aj 



{xi;x2,p). Since (pk,t{t^ 
^U) - Vjit^ik), and Ej^rn = ^(j) - (pjit,pm), l<m< N. Thus 

TV 



0, Ej^o 



2 



^7,1 



m=l 



E. 



4/2 



+ E 



3,m. 



tj — t^tj^ — 



^ , , , \ I / ^ / \ / (4.36) 

^j [t) - ipj [tj , Xk) (t) - ifj [tj , Pm) 

For i ^ k E {1,2} and G [0,Tfc), let Tj{tk) G (0,Tj] be the largest number such that 
for < t < r,(4), 'K'if) n irfe(tfc) = 0. 

Theorem 4.2 Fzx j 7^ A; G {1,2}. Lei tfc &e an {J-'^) -stopping time. Then the process 
t ^— M|j^=j < t < Tj(tk), is an [Tl x J^^)t>o-local martingale, and 



tj — ^ — tj^ 



M 



6 — Hj Aj2 1 
2kj 2 Bjfl 



N 



in=l 



Ej^m 



ti —t,ti.—ti, 



-1/2 



AT 



(^) - V'i Xk) ij (t) - {t, Pm) 



KjdBjit). 



(4.37) 
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Proof. This follows from fl4.33Kl^75^ . where all functions are valued at tj = t and 
tk = ik, and all SDE are {J-'l x jF^)-adapted. □ 

Now we make some improvement over the above theorem. Let t2 be an (JF^^) -stopping 
time with ^2 < T2. Suppose R is an (JF^^ x jF£)t>o-stopping time with R < Ti(t2). Let 
J-'R^t2 denote the cx-algebra obtained from the filtration {J^^ x J^^^)t>o and its stopping 
time R, i.e., £ G J^R,t2 iff for any t > 0, £ n {R < t} e J^} x For every t > 0, i? + 1 
is also an {T} x .F|_)i>o-stopping time. So we have a filtration {TR+t,t2)t>o- 

Theorem 4.3 Let ^2 and R he as above. Let I G [0,t2] be J^Rt^-measurable. Then 
{M{R + t, I),0 < t < Ti{I) — R) is a continuous {J^R+t,t2)t>o-local martingale. 

Proof, (i) Let Sf (t) = Bi{R + t) - Bi{R), < t < 00. Since is an (J^^ x J^|)t>o- 

Brownian motion, so -Bf(t) is an (jF^+f f2)(>o-Brownian motion. Since ipi{R + t,-) is 
{J-'^ X jF|)f>o-adapted, so ^i{R + t) satisfies the {J-'^ x jF|_)f>o-adapted SDE 



N 



dt. 



UR + t)-ipi{R + t,p„ 

Now we show that (f2{I,') is .FR,f2"rneasurable. Fix n G N. Let /„ = [nl\/n. For 
m G NU{0}, let £n{jn) = {m/n < I < {m + l)/n}. Then £n{jn) is jF^j^j^-nieasurable, and 
/„ = m/n on £n{m). Since m/n < ^2 and = m/n on £n{'m), so /„ agrees with {m/n)f\t2 
on £n{rn). Now {m/n) A ^2 is an (jF2)-stopping time, and ^lrn/n)M2 -^1. •^R,f2- So 
(p2{{m/n) A ^2, ■) is JF^^fa'^neasurable. Since (p2{In, ■) = '^2{{^/n) A t25 ■) on £n{m), and 
£n{m) is jFR_f2"rneasurable for each m G N U {0}, so (p2{In, ■) is JF^^fj -measurable. Since 
V^i^n, ■) — ^ V^2(-^, ■) as n -H> 00, so v'2(-^, ■) is also JF^ jj-measurable. Thus K2{I) is JFfj,t2- 
measurable. Hence for any t > 0, v^ii'i(i?+f)uft:2(-f) is ^R+t,t2-nieasurable. /^From (14. 2p . 
991,7 (i? -|- 1, •) and ip2,R+t{I, •) are both jF^+f ^2 -measurable. If the tj and tk in fl4.17Kl425!) 
are replaced by i? + 1 and /, respectively, then all these SDEs are JFtj.,.^ j^-adapted. From 
the same computation, we conclude that {M{R + t, J), < t < Ti(/) — i?) is a continuous 
(JF^+t,f2)t>o-local martingale. □ 

Let HP denote the set of {Hi, H2) such that Hj is a hull in EI w.r.t. 00 that contains 
some neighborhood of Xj in H, j = 1, 2, HiCi H2 = 0, and pm ^ HiU H2, 1 < m < N. 
For {Hi,H2) G HP, let Tj{Hj) be the first time that Kj{t) nM\Hj ^ (ll, j = 1,2. An 
argument that is similar to the proof of Theorem 5.1 in [18] gives the following. 

Theorem 4.4 For any {Hi,H2) G HP, there are C2 > Ci > depending only on Hi 
and H2 such that M{tiM) e [Ci,C2] for any (ti,t2) G [0,Ti(ifi)] x [0,T2(/72)]. 
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Fix {Hi,H2) G HP. Let /i denote the joint distribution of (^i(t) : < t < Ti) and 
(^2(^) : < t < T2). From Theorem 14.21 and Theorem 14. 4[ we have 

J M{Ti{Hi),T2{H2))di2 = E^[M{Ti{Hi),T2{H2))] = M(0,0) = 1. 

Note that M(Ti{Hi),T2{H2)) > 0. Suppose i/ is a measure on ^Ti{Hi) ^ •^T2{H2) ^^'^^ that 
du/dfi = M{Ti{Hi),T2{H2)). Then u is a probabihty measure. Now suppose the joint 
distribution of (^i(t), < t < Ti(iJi)) and (^2(^), < t < T2{H2)) is u instead of /i. Fix an 
(jFj?)-stopping time t2 with t2 < T2{H2). From fl4.35KH^^7|) and Girsanov theorem, there 
is an (jFj^ x jF£)-Brownian motion Bi{t) such that C,i{t) satisfies the {J-'^ x jF£)-adapted 
SDK for < t < Ti(/7i): 



= V^^dBiit) + — — • V ■ ^ + ^1'™ ^ 



dt. 



Let ^1,42 (t) = v4i,o(t,t2) = ^2,4(^2,^1 (i)), < t < Ti(/fi). From Ito's formula and fOj) . 
'^i.fel^) satisfies 

d^,^,^{t)=A,^,{tj2)v^idB,{t) + (-^--^ + J2pi,n^) ^ _dt. (4.38) 
Since ^2(^2, ■) is a conformal map, and from (14. ip . for < ti < Ti(t2), 

iri,f,(t) = (Ki(t) U ir2(t2))/i^2(t2) = ^2(^2, K^{t)), 

SO (ii'i^f2()f:)) is a Loewner chain. Let v{t) = hcap(J'ri^2(i))/2. /,From Proposition 12. 2[ 
v{t) is a continuous increasing function with f(0) = 0, and {K{t) = Kip^{v~^{t))) are 
chordal Loewner hulls driven by some real continuous function, say ^{t), and the chordal 
Loewner maps are ip(t, ■) = fXit iv-'^{t)) = fi,t2i'^~^(J^)j ')■ Moreover, 



{avm = r)e>oKivit + e))/Kivit)y, te(t)} = n,>oKi(t + e)/K,it). 
Let Wt = V52,t(^2, ■)• From (142]) . for e > 0, we have 

Wt{K,{t + e)/K,{t)) = Wt o <^i(t, .)(iri(t + \ K,{t)) 

= VK^(t)yjK2(h){Ki{t + e)\ Ki{t)) 
= ^K,it)vjK2(h){{K^{t + ^) U K2{t2)) \ {K,{t) U 7^2(^2))) 
= {Ki{t + e) U K2{i2))/{Ki{t) U 7^2(^2)) 
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= [{K^{t + e)U K^{h))/K^{h)]/[{K^{t) U K^^h)) I K^ii^)] 
= K,f,{t + e)/K,f,{t) = K{v{t + e))/K{v{t)). 

Thus l{v{t)) = WtiUt)) = ^2,t(t2,6W) = iiMit)- Since hcix^{Ki{t + e) / Ki{t)) = 2e 
and hcap(ir(t;(t + e))/K(v{t))) = 2v{t + e) - 2v{t), so from Proposition [O, v'{t) = 

/^From the definitions of Ei q and and fl4.2l) . we have 

E,,o{v-\t),h) = m - vit^Uh)); (4.39) 

Ei,niv-\t),i2) = m - ^it,ip2ii2,Pm))- (4.40) 

^From fl4.38KH^^Ui) . and the properties of v{t) and ^(t), there is a Brownian motion Bi{t) 
such that ^(t), < t < v{Ti{Hi)), satisfies the SDK: 

Note that ^(0) = ^1,42(0) = ^2(^2, a;i). Thus conditioned on {K{t), < t < v{Ti{Hi)), 
is a partial chordal SLE(/ti; —-Y, Pi) process started from (v22(^2, a;i); .^2(^2), V'2(i2, p)). By 
symmetry, we may exchange the subscripts 1 and 2 in the above statement. 

Theorem 4.5 Suppose n G N and (if™, if™) G HP, 1 < m < n. There is a continuous 
function M^,{ti,t2) defined on [0, 00]^ that satisfies the following properties: (i) M* = M 
on [0,Ti(iif )] X [0,T2(ii2™)] forl<m< n; (ii) M,{t,0) = M,{0,t) = 1 for any t > 0; 
(Hi) M{ti,t2) G [Ci,C2] for any ^1,^2 > 0, where C2 > Ci > are constants depending 
only on iij", j = 1,2, 1 < m < n; (iv) for any {J^'f)- stopping time t2, (M^,(ti, ^2), > 0) 
is a hounded continuous {T}^ x T'^^t^>Q -martingale; and (v) for any {T}) -stopping time 
ti, (M*(ti, ^2), ^2 >Qi) is a hounded continuous {J^^^ x J^l^)t2>o -martingale. 



Proof. This is Theorem 6.1 in [18]. For reader's convenience, we include the proof 
here. The first quadrant [0, 00]^ will be divided by the vertical or horizontal lines {xj = 
Tj{Hj^)}, 1 < m < n, j = 1,2, into small rectangles, and M* will be piecewise defined 
on these rectangles. Theorem 14.41 will be used to prove the boundedness, and Theorem 
14.31 will be used to prove the martingale properties. 

Let Nn ■■= {k eN : k < n}. Write for Tj{H!y), k G j = 1, 2. Let ^ C N„ be 
such that Ufce5[0,Tf] x [0,T|] = Ul^,[0,T,^] x [0,r|], and Ekesk< Ek^s' k ii S' C N„ 
also satisfies this property. Such S" is a random nonempty set, and IS"! G is a random 
number. Define a partial order on [0, 00]^ such that (si, S2) ^ {ti,t2) iff Si < ti and 
S2 < t2. If (si,S2) ^ (^1,^2) and (st, S2) 7^ (^1,^2), we write (si,S2) -< (^1,^2). Then for 
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each m G N„ there is k & S such that (T™, T^) ^ {T^, T2); and for each k & S there is 
nomeNn such that (T/=,T|) ^ {T^,T^). 

There is a map o" from {1, . . . , 15*1} onto S such that if 1 < A^i < A;2 < jS*!, then 



Define Tf^"^ = T2"^l^l+'^ = and Tf(l^l+') = Ta'^^^ = 00. Then f lCT]) still holds for 

< fci < ^2 < |5| + 1. 

Extend the definition of M to [0, 00] x {0} U {0} x [0, 00] such that M{t, 0) = M(0, t) = 

1 for t > 0. Fix (ti,t2) G [0, 00]^. There are ki G N|5|+i and /i;2 G N|5| U {0} such that 

j.a{k,-l) ^^^^ r^a(k,)^ + ^ ^ ^^^^g) 

If fci < ^2, let 

M,(ti,t2) =M(ti,t2). (4.43) 

It ki>k2 + 1, let 



M,(ti,t2) 



^^y(T{fc2) J^^T(A,•2 + 1)^J _ _ _ ^^ji(t{A:i-2) y(T(fci-l)-j^^yCr(fci-l) rpcr{ki)-^ 



(4.44) 

In the above formula, there are ki — k2 + 1 terms in the numerator, and ki — k2 terms in 
the denominator. For example, if ki — k2 = 1, then 

M,{ti,t2) = M{T^^'''\t2)M{ti,T2^^'^)/M{T^^'''\T2^'''^). 

We need to show that M^:{ti,t2) is well-defined. First, we show that the M(-, ■) in 
( 1443]) and are defined. Note that M is defined on 

|S|+1 

Z := [j [0,Tf(''^] X [0,T^^% 

k=0 

If ki < k2 then h < T^^^'^ < T"^^^'^ and ^2 < T2^^^\ so (^1,^2) e Z. Thus Mit^M) 
in f l4.43p is defined. Now suppose fci > A;2 + 1. Since t2 < T^^'^^-* and ti < so 
{Tl^^^\t2), (ti, Ta"^'''^) G Z. It is clear that {T"^''\T2^^^) e Z for k2 + l < k < ki-1. Thus 
the M(-, ■) in the numerator of (14.441) are defined. For k2 < k < ki — 1, T"^'^^ < 
so g 2'. Thus the M(-, ■) in the denominator of (14.441) are defined. 

Second, we show that the value of M^,(ti, ^2) does not depend on the choice of (fci, ^2) 
that satisfies (14.421) . Suppose (14.421) holds with (fci, /C2) replaced by (fc^, /C2), and k[ 7^ fci. 
Then — ki\ = 1. We may assume k[ = ki + 1. Then ti = T^^'^^K Let M^(ti,t2) denote 
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the M^,{tl,t2) defined using {k[,k2). There are three cases. Case 1. ki < k[ < ^2- Then 
from M^(ti,t2) = M(ti,t2) = M^{ti,t2). Case 2. ki = k2 and k[ - k2 = 1. Then 

^^^k,) ^ r^a{k,) ^^^^ ^^^^ fOgl) and flCTD . 

M:(ti,t2) = M(Tf('=^\t2)M(ti,T2'^('=^VM(Tf('=^\T2^('^^) = M(ti,t2) = M^it.M)- 
Case 3. k[ > ki > k2. From fICTD and that Tf^'''^ = ti, we have 



— — M^[ti,t2)- 



Similarly, if fl4.42p holds with (A;i,/c2) replaced by (/cijfcg)) then M*(ti,t2) defined using 
(fci, has the same value as M(ti,t2)- Thus is well-defined. 

/^From the definition, it is clear that for each ki G Ni^i+i and k2 G N|5| U {0}, M^, is 
continuous on [Tf (^^i-^), Tf ('^^] x [T:^i^^+^) ^T^(^k^\ Thus M, is continuous on [0, oof. Let 
(ti,t2) e [0,oo]2. Suppose (ti,t2) e [0,r™] x [0,T^] for some m G N„. There is A; G N|5| 
such that {T^,T^) ^ {T^^''\t^^^^). Then we may choose ki < k and k2> k such that 
fl4.42p holds, so M*(ti,t2) = ^(^1,^2)- Thus (i) is satisfied. If ti = 0, we may choose 
fci = 1 in f02D . Then either ki < k2 or k2 = 0. If ki < fca then M*(ti, ta) = M(ti, t2) = 1 
because ti = 0. If ^2 = 0, then 

M,(ti,t2) = M(Tf^°\t2)M(ti,T2"^'V^(^f^°\7^2"^'^) = 1 

because Tf^^-* = ti = 0. Similarly, M=„(ti,t2) = if ^2 = 0. So (ii) is also satisfied. And 
(iii) follows from Theorem 14.41 and the definition of M^,. 

Now we prove (iv). Suppose (ti,t2) e [0, oof and > v;;^iT2'" = T^^^\ Then f02D 
holds with /c2 = and some /ci G {1, . . . , \S\ + 1}. So ki > k2 + 1. Since T^^''^^ = and 
M(0, t) = 1 for any t > 0, so from (14.441) we have 

The right-hand side of the above equality has no ^2- So M^{ti,t2) = M*(ti, VJ^^^T™) for 
any t2 > V^^^T^-. Similarly, M,(ti,t2) = M,(v;;=iT-, ts) for any > V^^^T™. 
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Fix an (J^S). stopping time ta- Since M,(-,t2) = M,(-,t2 A (V^^^iTg™)), and A 
{ym=i^2') is ^Iso (JF^^) -stopping time, so we may assume that ^2 < VJ^^^^T™. Let 
Jo = t2- For s G N U {0}, define 

= sup{Tr : m G N„, T2"^ > JJ; = sup{Tf : m G N„, T^"^ < /„ > R,]. 

(4.45) 

Here we set sup(0) = 0. Then we have a non- decreasing sequence {Rs) and a non- 
increasing sequence (Is). Let and a{k), < A; < jS"! + 1, be as in the definition of M^. 
^From the property of S", for any s G N U {0}, 

Rs = sup{Tf : k e S,T^ > Is}. (4.46) 

Suppose for some s G N U {0}, there is m G N„ that satisfies < Ig and > Rs. 
Then there is k e S such that > Tj", j = 1,2. If > Is, then from fl06|) we 
have i?, > > r[^, which contradicts that > i?,. Thus < Is. Now T2*^ < J„ 
> > Rs, and T| > T^. Thus for any s G N U {0}, 

= sup{T2'= ■.keS,T^ < Is, > Rs}. (4.47) 

First suppose ^2 > 0. Since ^2 < VJ^^^^T™ = T2'^*-°\ so there is a unique ^2 G 
such that T^^''^^ > h > T^^^''^^\ From flOHll and (jHZD, we have i?, = T^^^^^'^ for 
< s < |5| - ^2; Rs = T"^'^'^ for s > |5| - k2; L = T^^''^~^'^ for 1 < s < \S\ - k2] and 
/, = for s > |5| - A;2 + 1. Since Rq = Tf^^'^ and h < T^^^'\ so from (i), 

M,(ti,t2) = M{h,t2), for ti G [0,i?o]. (4.48) 

Suppose ti G [-Rs-i, -Rs] for some s G N|5|_fc2. Let ki = k2+s. Then 7'^°"*^'^^ < < 
Since /, = T2"('^+^) = Ts"^'^^^ so from flCT|) . 

M,(ti,t2)/M,(i?s_i,t2) = M{U,Is)/M{Rs.i,Is), for ti G [i?s-i,i?s]. (4.49) 

Note that if s > l^l — A;2 + 1, f l4.49p still holds because Rs = Rs-i. Suppose ti > Rn. 
Since n > 15*1 — A;2, so Rn = Tf^'"^'-* = \J"^^{r''^ . From the discussion at the beginning of 
the proof of (iv), we have 

M,{ti,i2) = M,{Rn,i2), for h G [R „,oo]. (4.50) 

If h = 0, flCTKICTl) still hold because all Is = and so M^{ti,t2) = M{ti,Is) = 
M{ti,0) = 1 for any ti > 0. 

Let R-i = 0. We claim that for each s G N U {0}, Rs is an (JF^^ x jF£)(>o-stopping 
time, and Is is fg-measurable. Recall that J-'R^_^f^ is the cx-algebra obtained from 
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the filtration (JF^^ x J^^^)t>o and its stopping time -R^-i. It is clear that -R_i = is an 
(JF^^ x^£)t>o-stopping time, and Iq = ^2 is J^r_^J2~^^^^^^^^^^- ^ow suppose Is is JF^^ ^ im- 
measurable. Since Is < h and -R^-i < Rs, so for any t > 0, {Rg < t} = {Rs-i < H St, 
where 

n n 

= n ^^^^ < U ^^i" ^ ^» = n (U.eQ({^2™ < 9 < h] n {g < /J) U {Tf < t}). 

r?i=l m=l 

Thus St e J^Bs-x,h V {^l X ^^), and so {Rs < t} G J^^^ x J^^^ for any t > 0. Therefore Rs 
is an (JF^^ x jF£)(>o-stopping time. Next we consider Is+i- For any h > 0, 

>h} = ul^,{{h < < Is} n {rr > Rs}) 

= Ul^,iU,^Qi{h <T^<q< h} n{q< Q) H {T^ > Rs}) e Tn^.- 
Thus Js+i is jFfj^^fj-measurable. So the claim is proved by induction. 

Since < '^l^=xTT < ^2, so from Theoremjtsl for any s G N„, (M(i?,_i + 1, /,), < 
t < Ti{Is) — Rs-i) is a continuous (^ij^_i+t,f2)t>o-local martingale. For m G N„, if 

> Is, then T{" < Ti{T^) < Ti(/,). So from fifiHD we have i?, < Ti(/,). From fICTD . 
we find that {M^{Rs-i + t,i2),0 < t < Rg — Rs~i) is a continuous (^ij^_i+t,f2)t>o-local 
martingale for any s G N„. From Theorem 14.21 and (14.481) . (M^,(t, t2),0 <t< Rq) is a 
continuous (JF^ f2)t>o-local martingale. From (14.501) . (M^,(i?„ + t, ^2), ^ > 0) is a continuous 
(jFfj„4.( f2)t>o-local martingale. Thus {M^.{t^t2),t > 0) is a continuous {J-'tf2)t>o-^ocaX 
martingale. Since by (iii) M*(ti,t2) G [Ci,C2], so this local martingale is a bounded 
martingale. Thus (iv) is satisfied. Finally, (v) follows from the symmetry in the definition 
(I4:43|) and fimj) of M,. □ 

4.3 Coupling measures 

Let C := UTe(o,oo]C*([0, T)). The map T : C — >• (0, cxd] is such that [0, T{S,)) is the definition 
domain of ^. For t G [0, 00), let Tt be the cx-algebra on C generated by {T > s, ^(s) G A}, 
where A is a Borel set on M and s G [0,t]. Then (JF^) is a filtration on C, and T is an 
(^t)-stopping time. Let jF^o = \/t^t- 

For ,^ G C, let K^{t), < t < T(^), denote the chordal Loewner hulls driven by ^. 
Let if be a hull in EI w.r.t. 00. Let Th{^) G [0,T(^)] be the maximal number such that 
K^{t)nm\H = for < t < Th. Then Th is an (J^f) -stopping time. Let Ch = {Th > 0}. 
Then ^ G Ch iff if contains some neighborhood of ^(0) in H. Define Ph : Ch ^ C such 
that PffiO is the restriction of [0, TniO)- Then Pg( CH) = {Th = T } , and Ph qPh = 
Ph- Let Ci^,a denote the set of ^ G {Th = T} such that Uo<t<T(0^5(^) n (H \ if ) ^ 0. If 
^ G Cj/ n {Tff < T}, then Ph(0 G Cj^^a- If A is a Borel set on M and s G [0, 00), then 

Ph\{^ G C : r(0 > G A}) = {e G : T^IO > s,as) E A} E T^-. 
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Thus Ph is {J-'j,- , J-'oo)-TaeasnTab\e on Ch- On the other hand, the restriction of JF^- to 
Ch is the cr-algebra generated by E Ch '■ ^h(0 > s,C,{s) G A}, where s G [0, oo) and 
A is a Borel set on M. Thus P^^{J-'oo) agrees with the restriction of JF^- to Ch- 

Let C = CU{oo}be the Riemann sphere with spherical metric. Let Fg denote the 
space of nonempty compact subsets of C endowed with Hausdorff metric. Then Fg is 
a compact metric space. Define G : C ^ Fg such that G(^) is the spherical closure of 
{t + iC,{t) : <t < T(^)}. Then G is a one-to-one map. Let Ig = G{C). Let J^g denote 
the cr-algebra on Iq generated by Hausdorff metric. Let 

TZ = {{z e C : a < Re z < b, c < Im z < d} : a,b, c, d e R}. 

Then JF^ agrees with the cx-algebra on Iq generated by {{F G Iq '■ FnR 7^ 0} : i? G TZ}. 
Using this result, one may check that G and (defined on Iq) are both measurable 
with respect to J^oo and 

For j = 1,2, let ^j(t), < t < Tj, be the maximal solution to (14.351) . Then is a 
C- valued random variable, and T(^j) = Tj. Since Bi(t) and B2{t) are independent, so 
are ^i(t) and 6(i)- Now we write Kj{t) for ^^^.(t), < t < T^, j = 1, 2. For j = 1, 2, let 
fij denote the distribution of ^j, which is a probability measure on C. Let /i = /ii x /i2 
be a probability measure on C^. Then fi is the joint distribution of ,^1 and .^2- Let 
{Hi,H2) G HP. For j = 1,2, Hj contains some neighborhood of xj = ^j(O) in H, so 

G Chj- Since Uo<t<TjKj{t) disconnects some force point from 00, so we do not have 
Uo<t<T,-^j(^) C Hj, which implies that Th^{Q < Tj, j = 1,2. Thus Pnji^j) e Cn^^a, and 
so (P^i X Pff2)*(Ai) is supported by Chi,9 x C^a.c?. 

Let HP^. be the set of {Hi,H2) G HP such that for j = 1,2, Hj is a polygon whose 
vertices have rational coordinates. Then HP* is countable. Let {H\^,H^), A; G N, be an 
enumeration of HP*. For each n G N, let M"(ti,t2) be the M*(ti,t2) given by Theorem 
14.51 for {H^,H^), 1 < m < n, in the above enumeration. For each n G N define 
z/" = (z^", 1^2 ) ^^ch. that du'^/dn = M"(oo,oo). From Theorem 14. 5[ M"(oo,oo) > and 
/ M"(oo, cxD)(i/i = E^[M"(oo, 00)] = 1, so z/" is a probability measure on C^. Since 
du^/dfxi = E^[M*"(oo,oo)|J'^] = Af:*(oo,0) = 1, so = /ii. Similarly, = fi2- So 
each z/" is a coupling of fii and /i2- 

Let z/" = (G X G)*(z/"') be a probability measure on F|. Since F| is compact, so (z/") 
has a subsequence (z/"'-') that converges weakly to some probability measure u = (z^i, U2) 
on Fg X Fg. Then for j = 1,2, z/"* — z/j weakly. For n G N and j = 1,2, since 
z/" = fij, so z/" = G^{fij). Thus z/j = G^:{^j), j = 1,2. So z/ is supported by Iq. Let 
z/ = (z/i,z/2) = (G^^ X G^^)*(z/) be a probability measure on C^. Here we use the fact 
that G^^ is (JF^, jF^)-measurable. For j = 1,2, we have Uj = (G~^)*(z/j) = fij. So z/ is 
also a coupling measure of fii and /X2- 

Lemma 4.1 For any r G N, i/ie restriction of u to T\ ^ x JF|, ^ zs absolutely continuous 
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w.r.t. fi, and the Radon- Nikodym derivative is M{Tijr{^S,i)iTHr{^2))- 



Proof. We may choose s G N such that ifJflEI \ if| = 0, J = 1, 2. Since M is continuous, 
so M{Ths(^A^Ths(^2)) is X JF^_ -measurable. Let uu) be defined on jFi,_ x JF^_ 

such that du(^s^/dn = M(Th's(^i), Th-|(^2))- From Theorem 14.21 and Theorem 14. 4[ 2/(5) 
is a probability measure on JF^_ x . Let u^s) = {Ph= x Since P^-s is 

^Hf -'hi ^ 2 V ; J 

{J-'i,- , J-'^)-measurable, j = 1,2, so uu) is a probability measure on C^, and is absolute 

continuous w.r.t. {Ph^ x Let z/(s) = (G x G')*(^'(s)). Since G is 

measurable, j = 1, 2, so z/(s) is a probability measure on Iq. Since dv^'' /d^ = M"* (cxd, cxd), 
and M^*(-,-) satisfies the martingale properties, so the Radon-Nikodym derivative of 
the restriction of u'^'^ to J^}^. x J^^ ^^^ t. /x is M,"'=(Tf^.(^i),Tf^.(^2))- If > s then 

{Ths (eO, Th| (6)) = M(T^,. (6), T^,| (^2)). Thus the restriction of u^" to x ^2 

equals to z/(s), which implies that 

{G X G), o (P^. X Ph|)*(^/"'=) = (G X G), o {Ph. x Ph|)*(//(s)) = 

For n G N, let a C^-valued random variable (Cr)C2') have the distribution z/", and 
r^-^ = Ph|(C"), j = 1,2. Let f^^^ denote the distribution of (G(Cr), G(C2"), G(r/]^), G(r7j)). 
Then f^"^ is supported by H, which is the set of (Li, L2, Pi, P2) G Fl such that Fj C Lj, 
j = 1, 2. It is easy to check that S is a closed subset of F|. Then (n^) has a subsequence 

(n'f^) such that (^'("p converges weakly to some probability measure f(s) on S. Since the 

marginal of f^"^ at the first two variables equals to (G x G) = i/"'*:, and — > z/ 
weakly, so the marginal of f(s) at the first two variables equals to u. Since the marginal of 

f^^j at the last two variables equals to (G x G)* o {Pnf x PH^)^{v'"-k) = //(^j when nj, > s, 
so the marginal of f(^s) at the last two variables equals to U(^sy 

Now f(5) is supported by J^. Let T(^s) = (G x G x G x G)^^(f(s)). Let a C^-valued 
random variable (Ci; C2, ''715 ''72) have distribution r(s). Since i/ = (G x G)*(z/) and = 
(Gx G),,(i/(s)), so the distribution of (Ci, C2) is i^, and the distribution of {rji, rj2) is For 
j = 1, 2, since G(r7j) C G(Cj), so rjj is some restriction of Q. Note that for j = 1, 2, -R'j(t) 
does not always stay in Hj, so fij is supported by {Th^ < Tj}, so {PH^)*{fJ'j) is supported 
by CH^,d- Thus (P^f x P//|)^,(/i) is supported by x Ch|,9. Since u^s) is absolutely 

continuous w.r.t. {Pnf x Pfj^)^{fi), so z/(s) is also supported by CHf,d x Thus for 

J = 1, 2, n m\H^ = for < t < r(77,), and Uo<i<Tfe)i^i,(t) H (H \ i/J) 7^ 0. 

Since 77^ is a restriction of Cj, so from the above observation, we have rjj = Pn^iCj), 
J = 1, 2. Thus iy^s) = {Phi x P^^|).(i/). 



35 



We now have {Ph^ x P^|)^(z/) = //(g) = (P^f x PH'^)*iy{s))- So u{£) = for 
any £ E PuH^oo) ^ ^hH^oo)- Since Pjjs{J-'U agrees with the restriction of J-'i,_ to 

J 

Ch^ j = 1, 2, and both u and z/(s) are supported by Ch^ x Ch^, so the restriction of u to 
X JF^_ equals to z/(s). From the definition of z/(s), the Radon- Nikodym derivative of 




For j = 1,2, since Hj fl EI \ if J = 0, so fij and Uj are supported by {^i/j < 
Since ^, c J-'i,. on {T^-r < Th=}, j = 1,2, so the restriction of z/ to JF^ ^ x JF|, ^ is 

j 

absolutely continuous w.r.t. /x, and the Radon-Nikodym derivative equals to 
E^[M(THj(ei),TH|(6))l^i,. X = M{THr{i{),THs{i,)). □ 

Proof of Theorem l4.1l Now let the C^-valued random variable (^i, ^2) have distribution 
V in the above theorem. Let Kj{t) and ■), < t < T,-, be the chordal Loewner hulls 
and maps, respectively, driven by ^j, j = 1, 2. For j ^ k E {1, 2}, since Vj = /ij, so Kj(t), 
<t < Tj, is a chordal SLE(/tj; —Y^Pj) process started from {xj^Xk^p)- 

Fix i ^ k E {1,2}. Suppose is an (jFjf^)-stopping time with tk < T^. For n G N, 
define 

P„ = sup{T,(i7f ) : 1 < m < n,TkiH^) > h}- 
Here we set sup(0) = 0. Then for any t > 0, 

{P„ <t} = nl^,{{h > UHD} U {T,(i7f ) < t} G ^/ X 

So -R„ is an (JF^ x jF^)t>o-stopping time for each n E N. For 1 < m < n, let = 
tkATk{H^). Then is an -stopping time, and < Tk{H^). Let be a chordal 

SLE{Kj; —Y,Pj) process started from {(pk{h,Xj)]^k{ik),(pk{ik,'p))- From Lemma HIT] and 
the discussion after Theorem 14. 4[ {pk{i^, Kj{t)), <t < Tji^H'p), has the distribution 
of a time-change of a partial {L{t)), i.e., {L(t)) stopped at some stopping time. Let 
£n,m = {ik < Tk{H^)}n{Rn = Tj{Hf)}. Since {P„ > 0} = U^^^^^n,^, and on each ^„,^, 
tk = and Rn = Tj{Hj^), so (pk{tk, Kj{t)), <t < R^, has the distribution of a time- 
change of a partial Since T, (4) = sup{T,(i7]") : m G N, Tfc(ii™) > 4} = V^^^P^, 
so (fkiik, Kj{t)), < t < Tj{ik), has the distribution of a time-change of a partial 
(L(t)). Thus after a time-change, ipkiik, Kj(t)), < t < Tj(tk), is a partial chordal 
SLE(kj; -Y^Pj) process started from {iPk(t2,Xj)-,^k(tk),<^k(tk,P))- ^ 

4.4 Coupling in degenerate cases 

Now we will prove that Theorem 14.11 still holds if one or more than one force points pm 
are degenerate, i.e., pm equals to x^ or xf. The results do not immediately follow from 
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Theorem 14.11 in the generic case. However, we may modify the proof of Theorem 14.11 
to deal with the degenerate cases. We need to find some suitable two-dimensional local 
martingales, and obtain some boundedness. 

We use the following simplest example to illustrate the idea. Suppose there is only 
one degenerate force point, which is pi = Xi . Then the {Ki{t)) and {K2{t)) in Theorem 
14. II should be understood as follows: {Ki{t)) is a chordal SLE(/ti; — -y , pi) process started 
from {xi;x2,x^,P2,...,Pn), and {K2{t)) is a chordal SLE{k2; + p2,i, P2,2, ■ ■ ■ , P2,n) 
process started from (x2; Xi,p2, ■ ■ ■ ,Pn)- Here the force points xi and pi = xf for {K2(t)) 
are combined to be a single force point xi. And in Theorem 14.11 ip2(t2,pi) = ip2(t2,Xi) 
should be understood as (p2{t2,xi); and ipi(ti,pi) = ipi(ti,xf) should be understood as 
Pi(ti), which is a component of the solution to the equation that generates {Ki(t)). 

We want to define M(ti,t2) by fl4.34p and fl4.26p . However, for the case we study here, 
some factors in (14.261) does not make sense, and some factors become zero, which will 
cause trouble in fl4.34p . Let's check the factors in (14.261) one by one. Let j 7^ /c e {1, 2}. 
First, Ajhiti,t2) = d^{pk^t (tk,^j(tj)) is well defined for h = 0,1, and Aj^i is a positive 
number; and E{ti,t2) = | ^1,0(^15 ''^2) — ^2,0(^1)^2)! > is well defined. Then F(ti,t2) > 
is well defined by (14.241) . Now Bm,o{ti,t2) = fKi{ti)uK2{t2){Pm) is well defined for each 
1 < m < n. For the degenerate force point pi = xf, the formula ^Ki{ti)uK2it2){^i) is 
understood as ip2,ti(t2,ipi(ti,xt)) = ip2,ti{pi(ti)). So Ej^rn = Aj^o - Bm,o and Crm,m2 = 
Bmifi — Bm2,Q are all well defined. Among these numbers, |Cm^,m2(^i) ^2)! is positive if 
mi 7^ 7712, and ^2)] is positive except when j = 1, m = 1 and ti = 0. The factor 

Bm,iiti,t2) = dz'fKi{ti)uK2(t2){Pm) is Well defined and positive except when m = 1. Now 
for (ti,t2) £ 1^, define 



Aai Aa2 N 
^1,1^2,1 



N{hM) = F^\E2,r^^^ n (^-:ini^^--r-") n 1^- 

ra=2 j=l l<mi<m2<N 

and 

N{t,,t2) = {Nit,, t2)NiO, 0))/{Nit,, 0)N{0, t2)). (4.51) 
Then in the generic case, we have M(ti,t2)/N{ti,t2) = Li(ti, t2)/-^2(^ij ^2), where 

Ll{ti,t2) 



m2 I 



■1,1^2 ■ 



dz'-PKi{ti)UK2{t2){Pl] 


l^1<^2A(^2,6(il)) 


-V2,t^{t2,^l{ti,PiW^.^ 


dz^Kiitr)UK2{0) {Pl, 


P'\^2M{0,Utl)) 


-<^2,t,(0,</^l(tl,Pl))rM 



\f2,t^{t2,^l{tl)) - <f2,t,{t2,<fl{tuPl))f'-' 

i6(ti)-¥^i(ti,Pi)r^'^ 

dz^K^iO)UK2{t2)iPiy^\^2,oih,^l{0)) - V?2,o(t2,V5l(0,Pl))|''*-l 



= dz(p2,h(t2, '~Pl(ti,pi)y 
L2{tl,t2) 



<9.<^i^i(0)Ui^2(0)(Pl)^H^2,o(0,6(0)) - <^2,o(0, <^i(0,pi))|''i 
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\xi -pil^'i.i 

In the above equalities, (14. 2 p is used. Thus in the generic case, 



N{ti,t2) V dz^2it2,Pl) J \\^2it2,Xi) - (p2it2,Pl)\ 



M{hM) f d,ip2,tAh,Mti,Pi))y' f \xi-pi\ 



I ^2,ti (^2 , -^1 1 ) ) - V2,ti it2,ipiiti,pi))\ 



Pl,l 



Mti)-Mti,pi)\ 

Now come back to the degenerate case pi = Xi we are studying here. Then 

dz'-P2,ti{t2,'-Pi{ti,Pi)) = dzip2,ti{t2, Viiti, xf)) and dzip2(t2,Pi) = dz(p2(t2,xi) 

still make sense and are both positive. If ti > 0, then |v52,ti(^2, Ci(^i)) — V^2,ti(''^2, V^ili^^i, Pi))| 
and l^i(ti) — ipi(ti,pi)\ both make sense and are positive. And we have 

lim |v?2,ti(^2,6(^i)) - ^2,tiit2, (pi{ti,pi))\/\^i{ti) - (pi{ti,pi) \ = dzip2,tAt2,ii{ti)). 
Since pi = x^, we may view \xi - Pi|/|v22(i2, a^i) - V^2(i2,Pi)| as 

lim |xi -p\l\if2{t2,Xx) - ip2(t2,p)\ = l/dz(p2(t2,Xl). 

These observations suggest us to define M{ti,t2) in the case pi = xf as follows. For 
(^1,^2) £ 1^, define U(ti,t2) such that f/(0,t2) = dz(p2,ti(t2, C,i(ti))] and if ti > 0, then 

U{ti,t2) = \y^2,tAt2,^l{tl)) - ^2,h{t2,^l{tl,Pl))\/\^l{tl) 

Then U is continuous on V. Now for (^1,^2) ^ -M., define 

Then M is continuous on T>. It is direct to check that M(ti,0) = M(0,t2) = 1 for any 
ti G [0,Ti) and G [0,T2). 

Suppose (^i(t),0 <t< Ti) and (^2(i^),0 <t< T2) are independent. Let Hj denote 
the distribution of (^j(t)), j = 1, 2, and fj, = fii x fj,2. Let (JF/) be the filtration generated 
by j = 1,2. Let j 7^ k G {1,2}. Then for any fixed (jF^'^)-stopping time ik 

with ik < Tfc, the process M|tj.=( 4^=4^, < t < Tj(tk), is an (jFj' x ^^)-adapted local 
martingale, under the probability measure /i. The argument is similar to that used in 
Section 
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Let HP denote the set of {Hi, H2) such that Hj is a hull in EI w.r.t. 00 that contains 
some neighborhood of Xj in M, j = 1, 2, Hir\H2 = 0, and pm ^ H1UH2, 2 < m < N . Here 
we only require that the non-degenerate force points are bounded away from Hi and H2. 
Then Theorem 14.41 still holds here. For the proof, one may check that Theorem 14.41 holds 
with M{ti,t2) replaced by N(ti,t2), f/(ti,t2), dz(p2,ti(t2,(pi{ti,xf)), and d^ip2{t2,xi), 
respectively. So for any {Hi,H2) G HP, E ^[M(Ti{Hi),T2{H2))] = 1. Suppose u is 
a measure on ^Xi{Hi) ^ '^T2{H2) ^^^'^ ^^^^ dv/d^ = M{Ti{Hi),T2{H2)). Then u is a 
probability measure. Now suppose the joint distribution of (Ci(t),0 < t < Ti{Hi)) 
and (^2(''^),0 < t < T2{H2)) is u instead of /x. Let j ^ k & {I52}. Using Girsanov 
Theorem, one may check that for any fixed (jFjf'^)-stopping time ik with ik < Tk{Hk). 
conditioned on J^^ , {ipk{ik, Kj(t))), < t < Tj{Hj), is a time-change of a partial chordal 
SLE{k j ] Pj) process started from {(Pk{ik, Xj)] ^k{tk),^Pkitk,'p))- We now can use the 
argument in Section U3] to derive Theorem 14.11 in this degenerate case. 

5 Applications 
5.1 Duality 

We say a is a crosscut in EI on M if a is a simple curve that lies inside EI except for the two 
ends of a, which lie on M. If a is a crosscut, then EI \ a has two connected components: 
one is bounded, the other is unbounded. Let D{a) denote the bounded component. We 
say that such a strictly encloses some S* C EI if 5* C D{a) and 5 fl a = 0. 

In Theorem 14.11 let Ki < 4 < K2', Xi < X2; N = 3; pi G (— oo,xi), p2 G {x2,oo), 
P3 G (xi,X2); for j = 1,2, p^-i = Ci{Kj - 4), = C2{Kj - 4), and pj,3 = ^{kj - 4) for 
some Ci < 1/2 and C2 = 1 — Ci. Let Kj{t), < t < Tj, j = 1, 2, be given by Theorem 
14.11 Let fj{t, ■) and Pj(t), < t < Tj, j = 1,2, be the corresponding Loewner maps and 
traces. 

Let K2(T2~) = Uo<t<T2-^2('^)- Since ki G (0,4), so Pi(t), < t < Tj, is a simple 
curve, and I3i{t) G EI for < t < Tj. From Theorem 13.61 and Lemma (2.31 a.s. (3i{Ti) : = 
limj^Ti /9i (t) exists and lies on {x2,P2)- For simplicity, we use Pi to denote the image 
{Pi(t) : < t < Ti} . Thus Pi is a crosscut in EI on M. 

Suppose 5 C EI is bounded. Then there is a unique unbounded component of EI \ 5, 
which is denoted by D^o- Then we call dD^o H EI the outer boundary of 5* in EI. Let it 
be denoted by d^^S. 

Lemma 5.1 Almost surely Pi = K2{T2) ■ 

Proof. For j = 1,2, let Vj denote the set of polygonal crosscuts in EI on M whose 
vertices have rational coordinates, which strictly enclose Xj, and which do not contain 
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or enclose x^^j or pm, m = 1,2, 3. For each 7 G Vj, let Tj(7) denote the first time that 
Pj hits 7. Then Tj(7) is an (^/)-stopping time, and Tj{'y) < Tj. Moreover, we have 
Tj = V^ep^.Tj(7). Let V2 denote the set of polygonal crosscuts in EI on M whose vertices 
have rational coordinates, and which strictly enclose X2- 

We first show that K2{T2) C D{Pi)uPi a.s.. Let £ denote the event that P2 intersects 
M\{D{pi)Upi). We need to show that P [£] = 0. For a G V2 and 7 G V2, let denote 
the event that a strictly encloses Pi, and P2 hits a before 7. Then S = Uaev^ri&V2^a;-y 
Since V2 and V2 are countable, so we suffice to show P [Ea-^-y] = for any a E V2 and 
7 e P2. 

Now fix a G 7 ^ "^2- Let ^2 denote the first time that P2 hits a U 7. 

Then ^2 is an (jFj?)-stopping time, and ^2 ^ ^2(7) < ^2- From Theorem 14.11 after a 
time-change, ^2(^2, Pi(t)), < t < Ti(t2), has the same distribution as a full chordal 
SLE(ki; Ci{ki — 4), C2{ni — 4), — 4)) trace started from (^^'2(^2, ^^i); ^2(^2)5 
V2{h, Pi), 2(^2, P2), ^2(^2, Ps))- Here we have 

^2(^2, Pi) < ^2(^2, xi) < V52(^2,P3) < 6(^2) < ^2(^2, P2)- 
Since Ci{ki - 4) > ki/2 - 2, ^(ki - 4)) > ki/2 - 2, and 

- 4) + C2{k, - 4)) - {^-{k, - 4) + (-^))| = - 2| < 2, 

so from Theorem ES] and Lemma [231 a.s. limt^Ti(f2) ^^2(^2, G (6(^2), 952(^2,^2) )■ 
Thus a.s. {(p2ii2, Piit)) : < t < Ti(t2)} disconnects ^2(^2) from 00 in H. So a.s. /3i 
disconnects ^2(^2) from 00 in EI \ K2{t2)- 

Assume that the event £a;'y occurs. Since P2 starts from X2, which is strictly enclosed 
by a, so P2if) ^ D{a) for < t < ^2, which implies that -^'2(^2) C D(a). On the other 
hand, /?i is strictly enclosed by a, and ^2(^2) £ «• Thus /5i does not disconnect ^2(^2) 
from cx) in M \ K2(t2)- So we have P [E^,^] = 0. Thus i^2(T2") C D{Pi) U /?i a.s.. 

Next we show that a.s. Pi C -^'2(^2 )- Fix 7 G Pi and g G Q>o- Let ti = 
q A Ti(7). Then ii is an (JF^^) -stopping time, and ii < Ti{'-f) < Ti. From The- 
orem HTl after a time-change, ipi{ii, P2(t)), < t < T2(ti), has the same distribu- 
tion as a full chordal SLE(fi;2; — -^j Ci{k2 — 4), 6*2(^2 — 4), |(k2 — 4)) trace started from 
{ipi{ti,X2)]^i{h),'fi{h,Pi),'-Pi{h,P2),Vi(ti,P3))- Here we have 

^i{h,Pi) < ^i{ii) < ipi{ti,P3) < V^i(ii,a;2) < Viiii,p2). 

Since |(/«2 - 4) > ^2/2 - 2, C2(fi:2 - 4) > k/2 - 2, and C2(/t2 - 4) + Ci{k2 - 4) = 
ft;2 — 4 > /t2/2 — 2, SO from Theorem 13.11 and Lemma [2.11 a.s. ■^1(^1) is a subsequential 
limit point of ^Piih, P2(t)) as t ^ T2(ti). Thus a.s. Pi(ti) is a subsequential limit point 
of P2(t) as t — > 72(^1)- So Pi{ii) £ -^2(^2(^1)^) C K2(T2~) a.s.. Since Q>o is countable. 
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so a.s. Pi{q A Ti{j)) G ^^'2(^2") ^^r any q G Q>o- Since Q>o is dense in M>o, so a.s. 
Pi{t) G ^^'2(^2") f'^^ ^ ^ [05^1(7)]- Since Pi is countable and Ti = V^gp^Ti(7), 
so almost surely G K2{T2) for any t G [0,Ti), i.e., /5i C -^"2(^2") ^-S-- Finally, 

ir2(T2-) C D{(3i) U /3i and /5i C ^^2(^7) imply that /5i = d^^K2{T:^). □ 

Theorem 5.1 Suppose n > 4:; pi < xi < ps < X2 < P2; Ci < 1/2 < C2 and C1 + C2 = 1- 
LetKit), 0<t<T, be chordal SLE{k; -^,Ci{k~A),C2{k-4:),1{k-A)) process started 
from {x2; xi,pi,p2,P3) ■ Let K{T^) = Uo<t<TK(t) . Then a.s. K(T~) is bounded, and 
c^^K{T^) has the distribution of the image of a chordal SLE{k'] — -y, Ci{k' — 4), C2{k,' — 
4),|(k' — 4)) trace started from {xi, X2,pi,P2,P3) , where k' = 16/ n. 

Theorem 15.11 still holds if we let pi G (— oo,a;i), or = —00, or = x^; let p2 G (x2, 00), 
or = 00, or = X2', and let ps G {xi,X2), or = x^, or = Xg. In some cases we may use 
Theorem 13.31 Theorem 13.41 or Theorem 13.51 instead of Theorem 13.91 to prove that f3i is a 
crosscut. We may derive some interesting theorems from some cases. 

Theorem 5.2 Suppose k, > 8, and K{t), < t < 00, is a standard chordal SLE{k) 
process, i.e., the chordal Loewner chain driven by C,(t) = y/nBit). Let x G M \ {0} and 
Tx be the first t such that x G K{t). Then dK{Tx) fl EI has the same distribution as 
the image of a chordal SLE{k'; —^j T ~ 2) started from (x;0,x",x^), where 

k' = 16/k, a = sign(x) and b = sign(— x), and so dK{Tx) is a crosscut m EI on M 
connecting x with some y G M \ {0} with sign(y) = sign(— x). 

Proof, -ft'(t), < t < T^, is a full chordal SLE(fi;; 0) process started from (0;x). Since 
K > 8, so K{Tx) = Uo<t<T^Kt and <9i^(T^) n H = d^^K{Tx). If x < 0, this follows from 
Theorem 15.11 with xi = x, X2 = 0, pi = x^, p2 = 00, ps = x^; Ci = 2/{n — 4) and 
C2 = 1 — Ci. If X > 0, this follows from symmetry. □ 

One may expect that after reasonable modifications, the above theorem also holds for 
K G (4, 8). In this case, for the SLE(k'; — y, — -y, y — 2) trace started from (x; 0, x", x*), 
the force — y that corresponds to the degenerate force point x" does not satisfy — y > 
K,'/2 — 2. So we must allow that the process continue growing after the degenerate force 
point is swallowed. This will make sense because — y > —2. 

Corollary 5.1 For k > 8, chordal SLE{k) trace is not reversible. 

Proof. Let < t < 00, be a standard chordal SLE(fi:) trace. Let W{z) = 1/z and 
7(t) = W{(3{l/t)). Suppose chordal SLE(/t) trace is reversible, then after a time-change, 
(7(t), < t < 00) has the same distribution as < t < 00). Let T be the first time 

such that 1 G l3{t). Since k > 8, 1 is visited by (3 exactly once a.s.. Thus 1/T is the first 
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time such that 1 G 7(t). From the above theorem, d{p{{0,T]))nM and (9(7((0, l/r]))nH 
both have the distribution of the image of a chordal SLE(k'; — -y, — -y, y — 2) trace started 
from (1; 0, l"*", 1~), where k' = 1Q/k. From Lemma 2.1 and the definition of 7, we find that 
d{P{[T, cx))))nEI has the distribution of the image of a chordal SLE(fi;'; ^-4, ^-2, -y) 
trace started from (1; 0, 1+, 1"). Since < 2, so -f ^ ^ - 4. Thus (9(/3((0, T])) n M 
and (9(/3([T, 00))) fi EI have different distributions. However, since (3 is space-filhng and 
never crosses its past, the two boundary curves coincide, which gives a contradiction. □ 

Suppose S* C H and Sfl [a, 00) = for some a G M. Then there is a unique component 
of EI \ 5, which has [a, 00) as part of its boundary. Let denote this component. Then 
dD^ n EI is called the right boundary of S in EI. Let it be denoted by d^S. 

Theorem 5.3 Let k > A, C > 1/2, and K{t), < t < 00, be a chordal SLE{k]C{k - 
4),|(k-4)) process started from (0;0+,0~). Let K{oo) = Ut<ocK{t). Let W{z) = 1/z. 
Then W{d^K{oo)) has the same distribution as the image of a chordal SLE{k,'; C'{k.'—A)) 
trace started from (0; O''"), where k' = 16/ n and C = 1 — C . 

Proof. Let Wo{z) = 1/(1 — 2;). Then Wq is a conformal automorphism of EI, and VFo(O) = 
1, Wo(oo) = 0, Wo(O^) = 1"^. /,From Lemma after a time-change, (Wo{K{t))) has 
the same distribution as a chordal SLE{k]C'{k — 4) — |,C(k — 4), |(k — 4)) process 
started from (1; 0, 1"^, 1~). Applying Theorem 15.11 with Xi = 0, X2 = 1, Pi = 0^, p2 = 1"*", 
Ps = 1~, Ci = C and C2 = C, we find that d^^Wo{Koo) has the same distribution as 
the image of a chordal SLE(/t'; C{k,' — 4) — 2,C'{k,' — 4)) trace started from (0; 1,0~). 
Let f3 denote this trace. From Lemma 12.31 and Theorem 13.41 /? is a crosscut in EI from 
to 1. Thus d^K^ = Wq\/3), and so W{d^K^) = Wo Wq\i3). Let Wi = W o Wq\ 
Then Wi{z) = z/{z - 1). So Wi{0) = 0, W^il) = 00, Wi{0-) = 0+. From Lemma 
12. H after a time-change, Wi{f3) has the same distribution as the image of a chordal 
SLE(k'; C'{k' - 4)) trace started from (0; 0+). □ 

Theorem 5.4 Let k > A, C > 1/2, and K{t), < t < 00, be a chordal SLE{k] C{k - 
4)) process started from (0;0+). Let K{oo) = Ut<ooK{t). Let W{z) = 1/z. Then 
W{d^K{oo)) has the same distribution as the image of a chordal SLE{k'; C"(/t'— 4), — 
4)) trace started from (0; 0^, 0~), where k' = 16 /k, and C = 1 — C . 

Proof. This proof is similar to the previous one. We use the same Wq, W\, xi, X2, pi, 
and P25 except that now p^ = 0"*" instead of 1^. And the f3 here is a chordal SLE(fi;'; C{k,' — 
4) - f , - 4), C'{k' - 4)) trace started from (0; 1, 0+, 0"). □ 

Corollary 5.2 Let k > A, and K{t), < t < 00, be a chordal SLE{k; k — A, ^{k — 4)) 

process started from (0;0"'",0^). Let K{oo) = Ut<ooK(t). Then d^K{oo) has the same 
distribution as the image of a standard chordal SLE{k') trace, where k' = 16/ n. 
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Proof. This follows from Theorem 15.31 and the reversibility of chordal SLE(k') trace 
when k' G (0,4] (see [IB]). □ 

If we assume that Conjecture [1] is true, then in Theorem 15.31 we conclude that 
d^K{oo) has the same distribution as a chordal SLE(k'; C"(/t' — 4)) trace started from 
(0; 0"''); and in Theorem 15.41 we conclude that d^K{oo) has the same distribution as the 
image of a chordal SLE(k'; C"(k' — 4),|(k' — 4)) trace started from (0;0"*",0~), where 
k' = 16 /k and C = 1 — C. Moreover, assuming Conjecture [H and letting C = 1 
in Theorem 15. 4[ we conclude that the right boundary of the final hull of a chordal 
SLE(k; k — 4) process started from (0; O"*") has the same distribution as the image of 
a chordal SLE(k'; ^(k — 4)) trace started from (0; 0~), which is Conjecture 2 in [Ij. More- 
over, we conjecture that for Cr, Ci > 1/2, if {K{t)) is a chordal SLE(k; (7^(^—4), C/(k— 4)) 
started from (0; O"*", 0~), then d^K{oo) has the same distribution as the image of a chordal 
SLE(K';C;(/t' - A),C'i{k' - 4)) trace started from (0;0+,0-), where C; = 1 - and 
q = 1/2 - Q. 

5.2 Reversibility 

Theorem 5.5 Let p± = {p±i, . . . ,p±n±) and p± = (p±i, . . . , P±n±), where < ±p±rn < 
±P±n for 1 < m < n < N±; YZi=i P±rn > for 1 < n < N±, and YlmtiP±m = 0. 
Let (3(t), < t < oo, be a chordal SLE{A] p^, pJ) trace started from (0;p+,p_). Let 
W{z) = 1/z. Then a.s. limt^oo f3{t) = oo, and after a time-change, the reversal of 
{W{(3{t))) has the same distribution as a chordal SLE{4; —p^, —p_) trace started from 
(0; Wip+),Wip.), where l^(p±) = (H^(p±i), . . . , Wip^^J). 

Proof. Choose xq > pn+- Let Wo{z) = xo/{xo — z). Then Wq maps EI conformally onto 
e, and 1^0(0) = 1, Wo(oo) = 0. Let q±j = Woip±j), I < J < N±. Then < g_7v_ < 
■ ■ ■ < g_i < 1 < gi < ■ ■ ■ < qN+- Let xi = 1, X2 = 0, = p±, and p2,± = -p±- 
From Theorem 14. H there is a coupling of two curves l3j{t), < t < Tj, j = 1,2, such 
that for fixed j ^ k E {1,2}, (i) {j3jit)) is a chordal SLE(4; — 2, +, pj^_) trace started 
from {xj;Xk,p+,P-); and (ii) for any (.Ff )-stopping time 4 with 4 < T^, (pkih, Pj{t)), 
<t < Tj{tk), has the same distribution as a chordal SLE(4; — 2, p^ _|_, pj _) trace started 
from {ipk{h,Xj)]^k{h),Vkih,P+),'fk{tk,P-)), where (pj(t,-) and ^j(t), < t < Tj, are 
chordal Loewner maps and driving function for the trace l3j, j = 1, 2. Note the symmetry 
between pi,± and p2,±: Z]m=i Pi,±m > for all 1 < n < N±, and YlmtiPi,±m = 0; 

Y^mtn P-i,±m > for all 1 < n < A^±, and YZ^i P2,±m = 0. 

Fix i ^ k E {I72}. From Lemma I^TT] and Theorem 13.11 we have a.s. Xk G /3j((0, T,)). 
Now fix an (jFjf'^)-stopping time ik G (0,Tfc). From Lemma l2.ll and Theorem 13. H we 
have a.s. <^fc(tfc, 4-((0, T,(tfc)))) n M = {^^(4)}, which implies that /3j((0, Tj(tfc))) n (M U 
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/3fc((0 ,tfc))) = {Pkj tk)}- Since > 0, so Pk{tk) Pk{0) = Xk- If Tj{tk) = Tj, then 
Xk G Pj{{0,Tj(tk))), which a.s. does not happen. Thus a.s. Tj(tk) < Tj. So we have a.s. 
(3j{Tj{tk)) = hmt^Tj(ifc)_- Pj{t) e Pj{{0,Tj{ik)))- From the definition of Tj{ik), we have 
a.s. PjiTjih)) e /3fc([0,4]). Thus a.s. /?,(T,(4)) = Pkih). 

We may choose a sequence of (jF/^)-stopping times (t^""*) (0, Tfe) such that {t^"^ : n G 
N} is dense on [0,Tfc]. Then a.s. = /^ilT^l^"^)) for any n G N. From the denseness 

of {t^"^ : n G N} and the continuity of jSj and jSk, we have a.s. /3fc((0,Tfc)) C (3j{{0,Tj)). 
Similarly, a.s. /5j((0,Tj)) C /3fc((0,Tfc)). So a.s. is a time-change of the reversal of 

/^From Lemma [2?T| (Wo{P{t))) has the same distribution as after a time-change. 

Thus the reversal of (W{P{t))) has the same distribution as {W o WQ^{P2{t))) after a 
time-change. From Lemma r2.lt {W o VFo~^(/^2(^))) has the same distribution as a chordal 
SLE(4; -pV, -p_) trace started from (0; W{p+), W{p^). □ 

This theorem may also be proved using the convergence of discrete Gaussian free field 
on some triangle lattice with suitable boundary conditions (see [13] )■ It also holds in the 
degenerate cases, i.e., pi = 0+ and/or p_i = 0~ and/or p^^ = +oc and/or p-N_ = —oo. 
For example, let p+,P- > 0, and apply Theorem 15.51 with = = 2, pi = 0^, 
p-i = 0", p2 = +00, p_2 = -oo, pi = p+, p2 = -p+, p-i = p_, and p_2 = -p-- 
Then we conclude that if /5()f:), < t < oo, is a chordal SLE(4; p+, p_) trace started from 
(0; O"*", 0~), then after a time-change, the reversal of {W{f3{t))) has the same distribution 
as (Pit)). This is the case when k = 4 in Conjecture [T] of this paper. 
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